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156 ALGEBRE LINEAIRE § 7

a) u est bijectif ;

b) u est injectif ;

©) u est surjectif ;

d) z est inversible a droite ;
e) u est inversible a gauche ;
f) u est de rang n.

Si E est un espace vectoriel de dimension infinie, il y a des endo-
morphismes injectifs (resp. surjectifs) de E qui ne sont pas bijec-
tifs (exerc. 9).

Soient K, K’ deux corps, 6 : K — K’ un tsomorphisme de K.
sur K’, E un K-espace vectoriel, E’ un K’-espace vectoriel,
u: E — E'’ une application semi-linéaire relative a o (§ 1, n°13) ;
on appelle encore rang de u la dimension du sous-espace u(E) de
E’. C’est aussi le rang de u considéré comme application linéaire
de E dans o.(E’), car toute base de u(E) est aussi une base de
ox(u(E)). -

5. Dual d’un espace vectoriel.

THEOREME 4. — La dimension du dual E* d’un espace vecto-
riel E est au moins égale & la dimension de E. Pour que E* soit
de dimension finie, il faut et <l suffit que E le soit, et on a alors
dim E* —= dim E.

Si K est le corps des scalaires de E, E est isomorphe a
un espace K{° et par suite E* est isomorphe a K7 (§ 2, no 6,
prop. 10). Comme K@ est un sous-espace de K%, on a dim E =
Card(I) < dim E* (n° 2, cor. 4 du th. 3) ; en outre, si I est fini,
on a Kz = K@ (cf. exerc. 3d)).

COROLLAIRE. — Pour un espace vectoriel B, les relations
E = {0{ et E* = {0} sont équivalentes.

TaEorEME 5. — Etant donnédes deux suites exactes d’espaces
vectoriels (sur un méme corps K) et d’applications linéaires

0 —-E - E >E’'" >0
0 >F - F —F"' 0

Figure 2: Page 156 from Bourbaki, Fascicule VI, Livre II, Algebre, 1962
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Chapter 1

Vector Spaces, Bases, Linear Maps

1.1 Motivations: Linear Combinations, Linear Inde-
pendence and Rank

In linear optimization problems, we encounter systems of linear equations. For example,
consider the problem of solving the following system of three linear equations in the three
variables x1, xo, x3 € R:

$1+2$2—1‘3:1
21’1+ZL’2+J]3:2
1'1—2.1'2—2333:3.

4

One way to approach this problem is introduce the “vectors” u,v,w, and b, given by

1 2 -1 1
u= |2 v=| 1 w=|[1 b= 12
1 -2 -2 3

and to write our linear system as
U + Tov + x3W = b.

In the above equation, we used implicitly the fact that a vector z can be multiplied by a
scalar A € R, where

21 )\Zl
XM=A|lzn]| =],
z3 )\23

and two vectors y and and z can be added, where

Y1 Z1 Y1+ 21
Yy+z=1y| + 22| =1|y2+ 2
Ys 23 Yz + 23

15



16 CHAPTER 1. VECTOR SPACES, BASES, LINEAR MAPS

The set of all vectors with three components is denoted by R3*!. The reason for using
the notation R3*! rather than the more conventional notation R?® is that the elements of
R3*! are column vectors; they consist of three rows and a single column, which explains the
superscript 3 x 1. On the other hand, R?> = R x R x R consists of all triples of the form
(21, T2, x3), With x1, 29,23 € R, and these are row vectors. However, there is an obvious
bijection between R3*! and R? and they are usually identifed. For the sake of clarity, in this
introduction, we will denote the set of column vectors with n components by R™*!.

An expression such as
T1U + ToU + T3Ww

where u, v, w are vectors and the x;s are scalars (in R) is called a linear combination. Using
this notion, the problem of solving our linear system

T1U + T9v + x3W = b.

is equivalent to determining whether b can be expressed as a linear combination of u,v,w.
Now, if the vectors u, v, w are linearly independent, which means that there is no triple
(21, x2,23) # (0,0,0) such that

T1U + 22U + 3w = O3,

it can be shown that every vector in R3*! can be written as a linear combination of u, v, w.

Here, 03 is the zero vector
0

03=10
0

It is customary to abuse notation and to write 0 instead of 03. This rarely causes a problem
because in most cases, whether 0 denotes the scalar zero or the zero vector can be inferred
from the context.

In fact, every vector z € R3*! can be written in a unique way as a linear combination
b
Z = T1U + T2¥ + T3W.

This is because if
Z = 21U + ToU + T3W = Y1u + Y20 + Y3w,

then by using our (linear!) operations on vectors, we get
(y1 — z1)u+ (Y2 — 12)v + (Y3 — x3)w = 0,

which implies that
Y1 — Ty =Y — Ty =y3 — w3 =0,

by linear independence. Thus,

Y1 =21, Y2 = T2, Y3= T3,
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which shows that z has a unique expression as a linear combination, as claimed. Then, our
equation
T1U + TV + 23w = b

has a unique solution, and indeed, we can check that

T = 1.4
T — —04
T3 = —-0.4

is the solution.
But then, how do we determine that some vectors are linearly independent?

One answer is to compute the determinant det(u,v,w), and to check that it is nonzero.
In our case,

1 2 -1
det(u,v,w)=12 1 1 |=15
1 -2 =2

which confirms that u, v, w are linearly independent.

Other methods consist of computing an LU-decomposition or a QR-decomposition, or an
SVD of the matriz consisting of the three columns u, v, w,

1 2 -1
A= (u v w) =12 1 1
1 -2 =2
If we form the vector of unknowns
€
xr = To s
Z3

then our linear combination xiu + z9v 4+ 3w can be written in matrix form as

1 2 -1 1
Tiut+ v+ axsw=[2 1 1 T9 |,
1 -2 =2 T3

so our linear system is expressed by

1 2 -1\ (= 1
2 1 1 | =12].
1 -2 -2/ \a3 3

or more concisely as
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Now, what if the vectors u, v, w are linearly dependent? For example, if we consider the
vectors

1 2 -1
u= |2 V= 1 w = 1 s
1 -1 2
we see that
u—v=w,

a nontrivial linear dependence. It can be verified that v and v are still linearly independent.
Now, for our problem
T1U + X2V + 23w = b

to have a solution, it must be the case that b can be expressed as linear combination of v and
v. However, it turns out that u,v,b are linearly independent (because det(u,v,b) = —6),
so b cannot be expressed as a linear combination of v and v and thus, our system has no
solution.

If we change the vector b to

then
b=u-+w,

and so the system
T1U + T2V + 23w = b

has the solution
Ilz]_, IQZ]_, .%'3:0.

Actually, since w = u — v, the above system is equivalent to
(1 4+ z3)u + (x9 — x3)v = b,
and because u and v are linearly independent, the unique solution in z; + x3 and x5 — x3 is

r1+x3=1

L9 — T3 = 17
which yields an infinite number of solutions parameterized by x3, namely
Ty = 1-— I3

$2:1+1’3.

In summary, a 3 x 3 linear system may have a unique solution, no solution, or an infinite
number of solutions, depending on the linear independence (and dependence) or the vectors
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u,v,w,b. This situation can be generalized to any n x n system, and even to any n x m
system (n equations in m variables), as we will see later.

The point of view where our linear system is expressed in matrix form as Ax = b stresses
the fact that the map z — Ax is a linear transformation. This means that

A(A\x) = AM(Ax)
for all x € R**! and all A € R and that
A(u+v) = Au + Awv,

for all u,v € R3*'. We can view the matrix A as a way of expressing a linear map from R3*!
to R**! and solving the system Ax = b amounts to determining whether b belongs to the
image of this linear map.

Yet another fruitful way of interpreting the resolution of the system Az = b is to view
this problem as an intersection problem. Indeed, each of the equations

I1+2$2—l‘3:1
22L’1+l’2+$3:2

1'1—21}2—2.1'3:3
defines a subset of R? which is actually a plane. The first equation
x|+ 2.172 — T3 = 1

defines the plane H; passing through the three points (1,0,0),(0,1/2,0),(0,0,—1), on the
coordinate axes, the second equation

2$1+$2+LL’3:2

defines the plane Hj passing through the three points (1,0, 0), (0, 2,0), (0,0, 2), on the coor-
dinate axes, and the third equation

1'1—21’2—233'3:3

defines the plane Hj passing through the three points (3,0,0), (0, —3/2,0), (0,0, —3/2), on
the coordinate axes. The intersection H; N H; of any two distinct planes H; and H; is
a line, and the intersection Hy N Hs N H3 of the three planes consists of the single point
(1.4,—0.4,—0.4). Under this interpretation, observe that we are focusing on the rows of the
matrix A, rather than on its columns, as in the previous interpretations.

Another great example of a real-world problem where linear algebra proves to be very
effective is the problem of data compression, that is, of representing a very large data set
using a much smaller amount of storage.
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Typically the data set is represented as an m x n matrix A where each row corresponds
to an n-dimensional data point and typically, m > n. In most applications, the data are not
independent so the rank of A is a lot smaller than min{m,n}, and the the goal of low-rank
decomposition is to factor A as the product of two matrices B and C, where B is a m X k
matrix and C'is a k X n matrix, with £ < min{m,n} (here, < means “much smaller than”):

mXn m X k kxn

Now, it is generally too costly to find an exact factorization as above, so we look for a
low-rank matrix A’ which is a “good” approzimation of A. In order to make this statement
precise, we need to define a mechanism to determine how close two matrices are. This can
be done using matrixz norms, a notion discussed in Chapter 6. The norm of a matrix A is a
nonnegative real number || A|| which behaves a lot like the absolute value |z| of a real number
x. Then, our goal is to find some low-rank matrix A’ that minimizes the norm

14— A,

over all matrices A’ of rank at most k, for some given k < min{m,n}.

Some advantages of a low-rank approximation are:

1. Fewer elements are required to represent A; namely, k(m + n) instead of mn. Thus
less storage and fewer operations are needed to reconstruct A.

2. Often, the process for obtaining the decomposition exposes the underlying structure of
the data. Thus, it may turn out that “most” of the significant data are concentrated
along some directions called principal directions.

Low-rank decompositions of a set of data have a multitude of applications in engineering,
including computer science (especially computer vision), statistics, and machine learning.
As we will see later in Chapter 16, the singular value decomposition (SVD) provides a very
satisfactory solution to the low-rank approximation problem. Still, in many cases, the data
sets are so large that another ingredient is needed: randomization. However, as a first step,
linear algebra often yields a good initial solution.

We will now be more precise as to what kinds of operations are allowed on vectors. In
the early 1900, the notion of a vector space emerged as a convenient and unifying framework
for working with “linear” objects and we will discuss this notion in the next few sections.
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1.2 Vector Spaces

A (real) vector space is a set E together with two operations, +: EXE — Fand -: Rx E —
E called addition and scalar multiplication, that satisfy some simple properties. First of all,
E under addition has to be a commutative (or abelian) group, a notion that we review next.

However, keep tn mind that vector spaces are not just algebraic
objects; they are also geometric objects.

Definition 1.1. A group is a set G equipped with a binary operation -: G x G — G that
associates an element a - b € G to every pair of elements a,b € G, and having the following
properties: - is associative, has an identity element e € G, and every element in G is invertible
(w.r.t. -). More explicitly, this means that the following equations hold for all a, b, c € G:

(Gl) a-(b-c)=(a-b)-c. (associativity);
(G2) a-e=e€-a=a. (identity);
(G3) For every a € G, there is some a™! € G such that a-a™' =a™' -a=e. (inverse).

A group G is abelian (or commutative) if

a-b=>b-a forallabed.

A set M together with an operation -: M x M — M and an element e satisfying only
conditions (G1) and (G2) is called a monoid. For example, the set N ={0,1,...,n,...} of
natural numbers is a (commutative) monoid under addition. However, it is not a group.

Some examples of groups are given below.
Example 1.1.

1. The set Z = {...,—n,...,—1,0,1,...,n,...} of integers is a group under addition,
with identity element 0. However, Z* = Z — {0} is not a group under multiplication.

2. The set Q of rational numbers (fractions p/q with p,q € Z and ¢ # 0) is a group
under addition, with identity element 0. The set Q* = Q — {0} is also a group under
multiplication, with identity element 1.

3. Similarly, the sets R of real numbers and C of complex numbers are groups under
addition (with identity element 0), and R* = R — {0} and C* = C — {0} are groups
under multiplication (with identity element 1).

4. The sets R™ and C" of n-tuples of real or complex numbers are groups under compo-
nentwise addition:

(xla"wxn)—'—(yla"'?yn) = (:L‘1+y1""7xn+yn)7

with identity element (0,...,0). All these groups are abelian.
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5. Given any nonempty set S, the set of bijections f: .S — S, also called permutations
of S, is a group under function composition (i.e., the multiplication of f and g is the
composition g o f), with identity element the identity function idg. This group is not
abelian as soon as S has more than two elements.

6. The set of n x n matrices with real (or complex) coefficients is a group under addition
of matrices, with identity element the null matrix. It is denoted by M, (R) (or M, (C)).

7. The set R[X] of all polynomials in one variable X with real coefficients,
P(X)=ap X"+ ap 1 X"+ -+ a1 X + a,
(with a; € R), is a group under addition of polynomials.

8. The set of n x n invertible matrices with real (or complex) coefficients is a group under
matrix multiplication, with identity element the identity matrix I,,. This group is
called the general linear group and is usually denoted by GL(n,R) (or GL(n,C)).

9. The set of n x n invertible matrices with real (or complex) coefficients and determinant
+1 is a group under matrix multiplication, with identity element the identity matrix
I,,. This group is called the special linear group and is usually denoted by SL(n,R)
(or SL(n,C)).

10. The set of n x n invertible matrices with real coefficients such that RR' = R'TR =1,
and of determinant +1 is a group called the special orthogonal group and is usually
denoted by SO(n) (where R is the transpose of the matrix R, i.e., the rows of R' are
the columns of R). It corresponds to the rotations in R".

11. Given an open interval (a,b), the set C(a,b) of continuous functions f: (a,b) — R is a
group under the operation f + ¢ defined such that

(f +9)(z) = f(z) + g(z)
for all z € (a,b).
It is customary to denote the operation of an abelian group G by +, in which case the
inverse a~! of an element a € G is denoted by —a.
The identity element of a group is unique. In fact, we can prove a more general fact:

Fact 1. If a binary operation -: M x M — M is associative and if ¢/ € M is a left identity
and €’ € M is a right identity, which means that

¢-a=a forall ae M (G21)

and
a-¢"=a forall ae M, (G2r)

then ¢/ = ¢€”.
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Proof. If we let a = €’ in equation (G21), we get

and thus

as claimed. O

Fact 1 implies that the identity element of a monoid is unique, and since every group is
a monoid, the identity element of a group is unique. Furthermore, every element in a group
has a unique inverse. This is a consequence of a slightly more general fact:

Fact 2. In a monoid M with identity element e, if some element a € M has some left inverse
a’ € M and some right inverse a” € M, which means that

ad-a=e (G31)

and

a-d’ =e, (G3r)
then o' = a”.
Proof. Using (G3l) and the fact that e is an identity element, we have

(a//.a) 'CL// — e.a// — a//.

Similarly, Using (G3r) and the fact that e is an identity element, we have

a-(a-ad"y=d -e=d.

However, since M is monoid, the operation - is associative, so

a/:a/‘(a.aﬂ):<a/‘a).a1/:a’/l’

as claimed. n

Remark: Axioms (G2) and (G3) can be weakened a bit by requiring only (G2r) (the exis-
tence of a right identity) and (G3r) (the existence of a right inverse for every element) (or
(G21) and (G3l)). It is a good exercise to prove that the group axioms (G2) and (G3) follow
from (G2r) and (G3r).

Vector spaces are defined as follows.
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Definition 1.2. A real vector space is a set E (of vectors) together with two operations
+: E x E — E (called vector addition)! and -: R x E — E (called scalar multiplication)
satisfying the following conditions for all a, § € R and all u,v € F;

(V0) FE is an abelian group w.r.t. +, with identity element 0;
(V1) a- (u+v)=(a-u)+ (a-v);
(V2) (@ +5)-u= (- u)+(5-u);
(V3) (ax*f)-u=a- (8- u)

(V4) 1-u = u.

In (V3), * denotes multiplication in R.

Given o € R and v € FE, the element « - v is also denoted by awv. The field R is often
called the field of scalars.

In Definition 1.2, the field R may be replaced by the field of complex numbers C, in
which case we have a complex vector space. It is even possible to replace R by the field of
rational numbers Q or by any other field K (for example Z/pZ, where p is a prime number),
in which case we have a K -vector space (in (V3), * denotes multiplication in the field K).
In most cases, the field K will be the field R of reals.

From (V0), a vector space always contains the null vector 0, and thus is nonempty.
From (V1), we get -0 = 0, and a - (—v) = —(« - v). From (V2), we get 0-v = 0, and
(—a)-v=—(a-v).

Another important consequence of the axioms is the following fact: For any v € F and
any A € R, if A #0 and A -u =0, then u = 0.

Indeed, since A # 0, it has a multiplicative inverse A\~!, so from \ - u = 0, we get
A (Nu) =2t
However, we just observed that A™' - 0 = 0, and from (V3) and (V4), we have
AN u) =AM ru=1-u=u,
and we deduce that u = 0.
Remark: One may wonder whether axiom (V4) is really needed. Could it be derived from
the other axioms? The answer is no. For example, one can take F = R"™ and define

- Rx R"” - R” by
A (z,. . 2,) = (0,...,0)

IThe symbol + is overloaded, since it denotes both addition in the field R and addition of vectors in E.
It is usually clear from the context which + is intended.

2The symbol 0 is also overloaded, since it represents both the zero in R (a scalar) and the identity element
of E (the zero vector). Confusion rarely arises, but one may prefer using 0 for the zero vector.
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for all (z1,...,2,) € R” and all A € R. Axioms (V0)—(V3) are all satisfied, but (V4) fails.
Less trivial examples can be given using the notion of a basis, which has not been defined
yet.

The field R itself can be viewed as a vector space over itself, addition of vectors being
addition in the field, and multiplication by a scalar being multiplication in the field.

Example 1.2.
1. The fields R and C are vector spaces over R.
2. The groups R™ and C" are vector spaces over R, with salar multiplication given by
AMNzy,.oxn) = Az, o0, Axy),

for any A € R and with (zq,...,2,) € R* or (21,...,2,) € C", and C" is a vector
space over C with scalar multiplication as above, but with A € C.

3. The ring R[X],, of polynomials of degree at most n with real coefficients is a vector
space over R, and the ring C[X], of polynomials of degree at most n with complex
coefficients is a vector space over C, with scalar multiplication A- P(X) of a polynomial

P(X) = amX™ + @y X™ P+ ay X + ag
(with a; € R or a; € C) by the scalar A (in R or C), with m < n, given by
A P(X) = XA X™ + A X™ 4o 4 Aar X + Aag.
4. The ring R[X] of all polynomials with real coefficients is a vector space over R, and the

ring C[X] of all polynomials with complex coefficients is a vector space over C, with
the same scalar multiplication as above.

5. The ring of n x n matrices M,,(R) is a vector space over R.
6. The ring of m x n matrices M,, ,(R) is a vector space over R.

7. The ring C(a,b) of continuous functions f: (a,b) — R is a vector space over R, with
the scalar multiplication Af of a function f: (a,b) — R by a scalar A € R given by

Af)(z) = Af(x), for all z € (a,b).

Let E be a vector space. We would like to define the important notions of linear combi-
nation and linear independence.

Before defining these notions, we need to discuss a strategic choice which, depending
how it is settled, may reduce or increase headackes in dealing with notions such as linear
combinations and linear dependence (or independence). The issue has to do with using sets
of vectors versus sequences of vectors.
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1.3 Indexed Families; the Sum Notation ) . ; a;

Our experience tells us that it is preferable to use sequences of vectors; even better, indexed
families of vectors. (We are not alone in having opted for sequences over sets, and we are in
good company; for example, Artin [6], Axler [8], and Lang [62] use sequences. Nevertheless,
some prominent authors such as Lax [66] use sets. We leave it to the reader to conduct a
survey on this issue.)

Given a set A, recall that a sequence is an ordered n-tuple (ay,...,a,) € A" of elements
from A, for some natural number n. The elements of a sequence need not be distinct and
the order is important. For example, (aj,as,a;) and (ag,ay,a,) are two distinct sequences
in A%. Their underlying set is {a, as}.

What we just defined are finite sequences, which can also be viewed as functions from
{1,2,...,n} to the set A; the ith element of the sequence (ay,...,a,) is the image of 7 under
the function. This viewpoint is fruitful, because it allows us to define (countably) infinite
sequences as functions s: N — A. But then, why limit ourselves to ordered sets such as
{1,...,n} or N as index sets?

The main role of the index set is to tag each element uniquely, and the order of the
tags is not crucial, although convenient. Thus, it is natural to define an I-indezed family of
elements of A, for short a family, as a function a: I — A where I is any set viewed as an
index set. Since the function a is determined by its graph

{(,a(@)) |7 € 1},

the family a can be viewed as the set of pairs a = {(i,a(i)) | ¢ € I}. For notational
simplicity, we write a; instead of a(7), and denote the family a = {(i,a()) | i € I} by (a;)ier-
For example, if I = {r,g,b,y} and A = N, the set of pairs

a=A{(r,2),(g.3),(b,2), (y,11)}

is an indexed family. The element 2 appears twice in the family with the two distinct tags

r and b.

When the indexed set I is totally ordered, a family (a;);c; often called an I-sequence.
Interestingly, sets can be viewed as special cases of families. Indeed, a set A can be viewed
as the A-indexed family {(a,a) | a € I'} corresponding to the identity function.

Remark: An indexed family should not be confused with a multiset. Given any set A, a
multiset is a similar to a set, except that elements of A may occur more than once. For
example, if A = {a,b,c,d}, then {a,a,a,b,c,c,d,d} is a multiset. Each element appears
with a certain multiplicity, but the order of the elements does not matter. For example, a
has multiplicity 3. Formally, a multiset is a function s: A — N, or equivalently a set of pairs
{(a,7) | @ € A}. Thus, a multiset is an A-indexed family of elements from N, but not a
N-indexed family, since distinct elements may have the same multiplicity (such as ¢ an d in
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the example above). An indexed family is a generalization of a sequence, but a multiset is a
generalization of a set.

We also need to take care of an annoying technicality, which is to define sums of the
form ), ; a;, where I is any finite index set and (a;);cr is a family of elements in some set
A equiped with a binary operation +: A x A — A which is associative (axiom (G1)) and
commutative. This will come up when we define linear combinations.

The issue is that the binary operation + only tells us how to compute a; + ao for two
elements of A, but it does not tell us what is the sum of three of more elements. For example,
how should a; + as + as be defined?

What we have to do is to define a; +ay+a3 by using a sequence of steps each involving two
elements, and there are two possible ways to do this: a; + (az + a3) and (a1 + as) +as. If our
operation + is not associative, these are different values. If it associative, then a;+(as+a3) =
(a1 + a2) + ag, but then there are still six possible permutations of the indices 1,2, 3, and if
+ is not commutative, these values are generally different. If our operation is commutative,
then all six permutations have the same value. Thus, if + is associative and commutative,
it seems intuitively clear that a sum of the form )., a; does not depend on the order of the
operations used to compute it.

This is indeed the case, but a rigorous proof requires induction, and such a proof is
surprisingly involved. Readers may accept without proof the fact that sums of the form
> ics @; are indeed well defined, and jump directly to Definition 1.3. For those who want to
see the gory details, here we go.

First, we define sums ), ; a;, where I is a finite sequence of distinct natural numbers,
say I = (i1,...,im). If I = (i1,...,1y) with m > 2, we denote the sequence (is,...,%,) by
I — {i;}. We proceed by induction on the size m of I. Let

E A; = A4y, 1fm:1,

el
Zai:ail—i-( Z az), if m > 1.
iel iel—{i1}

For example, if [ = (1,2,3,4), we have

Zai =a1 + (az + (a3 + CL4)).

el

If the operation + is not associative, the grouping of the terms matters. For instance, in
general
a + (CLQ + (CL3 + CL4)) §é (a1 + CLQ) + (CL3 + a4).

However, if the operation + is associative, the sum } . _; a; should not depend on the grouping
of the elements in I, as long as their order is preserved. For example, if I = (1,2,3,4,5),
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J1 = (1,2), and Jo = (3,4,5), we expect that
Su=(Ya) (X))
iel jedi jed2

This indeed the case, as we have the following proposition.

Proposition 1.1. Given any nonempty set A equipped with an associative binary operation
+: Ax A — A, for any nonempty finite sequence I of distinct natural numbers and for
any partition of I into p nonempty sequences Iy, ..., Iy, , for some nonemptly sequence K =
(k1,...,kp) of distinct natural numbers such that k; < k; implies that o < B for all o € I,
and all B € Iy,, for every sequence (a;)icr of elements in A, we have

Yo=Y (L)
ael keK Na€l,
Proof. We proceed by induction on the size n of I.

If n =1, then we must have p =1 and I}, = I, so the proposition holds trivially.

Next, assume n > 1. If p = 1, then I, = I and the formula is trivial, so assume that
p > 2 and write J = (k2,...,k,). There are two cases.

Case 1. The sequence [y, has a single element, say (3, which is the first element of I.
In this case, write C for the sequence obtained from I by deleting its first element 5. By

definition,
Zaa =ag+ (Zaa),

acl acC
and

S (X)) =a s (S(Z )
keK “a€ly jeJ “a€gl;
Since |C| =n — 1, by the induction hypothesis, we have

) 55

aeC j€J Na€l;

which yields our identity.

Case 2. The sequence i, has at least two elements. In this case, let 3 be the first element
of I (and thus of I, ), let I’ be the sequence obtained from I by deleting its first element 3,
let I}, be the sequence obtained from I, by deleting its first element 3, and let I = I, for
i=2,...,p. Recall that J = (ky,...,k,) and K = (ky,...,k,). The sequence I’ has n — 1
elements, so by the induction hypothesis applied to I" and the I; , we get

>e-g(Ta)- (o) (E(Zw))

ael’ k€K “acly, acl;
1
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If we add the lefthand side to ag, by definition we get
e
ael

If we add the righthand side to ag, using associativity and the definition of an indexed sum,
we get

(B o) (5(5e)) - (o (5 ) (5(5 )

aEI,’Cl jed “ael; 0161;61 jed “a€l;
a€ly, jeJ Nacl;
= § < E aa>7
keK Oéelk
as claimed. n
If I =(1,...,n), we also write ) " | a; instead of >._, a;. Since + is associative, Propo-

sition 1.1 shows that the sum )" | @, is independent of the grouping of its elements, which
justifies the use the notation a; + - - - + a,, (without any parentheses).

If we also assume that our associative binary operation on A is commutative, then we
can show that the sum ), _; a; does not depend on the ordering of the index set I.

Proposition 1.2. Given any nonempty set A equipped with an associative and commutative
binary operation +: A X A — A, for any two nonempty finite sequences I and J of distinct
natural numbers such that J is a permutation of I (in other words, the unlerlying sets of I
and J are identical), for every sequence (a;)icr of elements in A, we have

S 00 =3 .

ael aeJ

Proof. We proceed by induction on the number p of elements in I. If p =1, we have [ = J
and the proposition holds trivially.

If p > 1, to simplify notation, assume that I = (1,...,p) and that J is a permutation
(i1,...,14,) of I. First, assume that 2 <i; < p—1, let J' be the sequence obtained from .J by
deleting i1, I’ be the sequence obtained from I by deleting i1, and let P = (1,2,...,7;—1) and

= (i;+1,...,p—1,p). Observe that the sequence I’ is the concatenation of the sequences
Q= ( .- p—1Lp q q
P and . By the induction hypothesis applied to J and I’, and then by Proposition 1.1
applied to I’ and its partition (P, @), we have

S oY= () (3 )

acJ’ acl’ i=1
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If we add the lefthand side to a;,, by definition we get
o
acJ

If we add the righthand side to a;,, we get

i1—1 p
st ((Ze)+ (2 w)
i=1 i=i1+1
Using associativity, we get

() (5 (B (5)

then using associativity and commutativity several times (more rigorously, using induction
oni; — 1), we get

(o (E)+ (2

as claimed.

The cases where iy = 1 or iy = p are treated similarly, but in a simpler manner since
either P = () or @ = () (where () denotes the empty sequence). O

Having done all this, we can now make sense of sums of the form ). ; a;, for any finite
indexed set I and any family a = (a;);c; of elements in A, where A is a set equipped with a
binary operation + which is associative and commutative.

Indeed, since I is finite, it is in bijection with the set {1,...,n} for some n € N, and any
total ordering < on I corresponds to a permutation /< of {1,...,n} (where we identify a
permutation with its image). For any total ordering < on I, we define »_,_, < a; as

SR o
i€l,< jels
Then, for any other total ordering <’ on I, we have

2 a=) a

iel, =’ JEI
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and since /< and I are different permutations of {1,...,n}, by Proposition 1.2, we have
So- Y
jelx jel

Therefore, the sum ) ., _ a; does not depend on the total ordering on /. We define the sum
Y icr @i as the common value » . ; _ a; for all total orderings < of I.

1.4 Linear Independence, Subspaces

One of the most useful properties of vector spaces is that there possess bases. What this
means is that in every vector space, E, there is some set of vectors, {ej,...,e,}, such that
every vector v € I/ can be written as a linear combination,

v:)\161+"'+>\n€n7

of the e;, for some scalars, Ay, ..., A, € R. Furthermore, the n-tuple, (Aq,...,\,), as above
is unique.

This description is fine when E has a finite basis, {e1, ..., e,}, but this is not always the
case! For example, the vector space of real polynomials, R[X], does not have a finite basis
but instead it has an infinite basis, namely

1, X, X% ..., X" ...

For simplicity, in this chapter, we will restrict our attention to vector spaces that have a
finite basis (we say that they are finite-dimensional).

Given a set A, recall that an [-indexed family (a;);cr of elements of A (for short, a family)
is a function a: I — A, or equivalently a set of pairs {(i,a;) | i € I}. We agree that when
I=0, (a;)ic; = 0. A family (a;);e; is finite if I is finite.

Remark: When considering a family (a;);c;, there is no reason to assume that I is ordered.
The crucial point is that every element of the family is uniquely indexed by an element of
I. Thus, unless specified otherwise, we do not assume that the elements of an index set are
ordered.

Given two disjoint sets / and J, the union of two families (u;);e; and (v;);es, denoted as
(ui)ier U (v))je, is the family (wg)reusy defined such that wy = . if & € I, and wy, = vy,
if £ € J. Given a family (u;);e; and any element v, we denote by (u;);es Ug (v) the family
(w;i)ieruqry defined such that, w; = u; if ¢ € I, and wy, = v, where k is any index such that
k ¢ I. Given a family (u;);er, a subfamily of (u;);es is a family (u;);e; where J is any subset
of I.

In this chapter, unless specified otherwise, it is assumed that all families of scalars are
finite (i.e., their index set is finite).
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Definition 1.3. Let E be a vector space. A vector v € E is a linear combination of a family
(u;)ier of elements of E iff there is a family (\;);e; of scalars in R such that

el

When I = (), we stipulate that v = 0. (By Proposition 1.2, sums of the form ), , A\ju; are
well defined.) We say that a family (u;);e; is linearly independent iff for every family (\;)ier
of scalars in R,
Z Aiu; =0 implies that \; =0 for all 1 € 1.
iel
Equivalently, a family (u;);es is linearly dependent iff there is some family (\;);e; of scalars
in R such that
Z)"'ui =0 and A; #0 for some j € I.
icl

We agree that when I = (), the family 0 is linearly independent.

Observe that defining linear combinations for families of vectors rather than for sets of
vectors has the advantage that the vectors being combined need not be distinct. For example,
for I ={1,2,3} and the families (u,v,u) and (A1, A2, A1), the linear combination

Z )\ZUZ = >\1U + )\2U + /\1U

el

makes sense. Using sets of vectors in the definition of a linear combination does not allow
such linear combinations; this is too restrictive.

Unravelling Definition 1.3, a family (u;);c; is linearly dependent iff either I consists of a
single element, say ¢, and u; = 0, or || > 2 and some u; in the family can be expressed as
a linear combination of the other vectors in the family. Indeed, in the second case, there is
some family (A;);e; of scalars in R such that

Z/\iui =0 and \; #0 for some j € I,
iel
and since |I| > 2, the set [ — {j} is nonempty and we get

ie(I-{5})

Observe that one of the reasons for defining linear dependence for families of vectors
rather than for sets of vectors is that our definition allows multiple occurrences of a vector.
This is important because a matrix may contain identical columns, and we would like to say
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that these columns are linearly dependent. The definition of linear dependence for sets does
not allow us to do that.

The above also shows that a family (u;);c; is linearly independent iff either I = (), or T
consists of a single element ¢ and w; # 0, or |I| > 2 and no vector u; in the family can be
expressed as a linear combination of the other vectors in the family.

When [ is nonempty, if the family (u;);es is linearly independent, note that u; # 0 for
all i € I. Otherwise, if u; = 0 for some ¢ € I, then we get a nontrivial linear dependence
> icr My = 0 by picking any nonzero A; and letting Ay = 0 for all k& € I with k # 4, since
A0 = 0. If |I| > 2, we must also have u; # u; for all 7, j € I with ¢ # j, since otherwise we
get a nontrivial linear dependence by picking A; = A and A\; = —X for any nonzero \, and
letting A\, = 0 for all k € I with k # 1, .

Thus, the definition of linear independence implies that a nontrivial linearly independent
family is actually a set. This explains why certain authors choose to define linear indepen-
dence for sets of vectors. The problem with this approach is that linear dependence, which
is the logical negation of linear independence, is then only defined for sets of vectors. How-
ever, as we pointed out earlier, it is really desirable to define linear dependence for families
allowing multiple occurrences of the same vector.

Example 1.3.
1. Any two distinct scalars A, # 0 in R are linearly dependent.
2. In R3, the vectors (1,0,0), (0,1,0), and (0,0,1) are linearly independent.

3. In R, the vectors (1,1,1,1), (0,1,1,1), (0,0,1,1), and (0,0,0,1) are linearly indepen-
dent.

4. In R?, the vectors u = (1,1), v = (0,1) and w = (2, 3) are linearly dependent, since
w = 2u + v.

When [ is finite, we often assume that it is the set I = {1,2,...,n}. In this case, we
denote the family (u;);er as (u, ..., uy).

The notion of a subspace of a vector space is defined as follows.

Definition 1.4. Given a vector space F, a subset F' of F is a linear subspace (or subspace)
of E iff F'is nonempty and Au + pv € F for all u,v € F, and all A\, u € R.

It is easy to see that a subspace F' of F is indeed a vector space, since the restriction
of +: Ex E — E to F x F is indeed a function +: F x F — F, and the restriction of
R x E— FtoR x Fis indeed a function -: R x ' — F.

It is also easy to see that any intersection of subspaces is a subspace.
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Since F' is nonempty, if we pick any vector v € F and if we let A = p = 0, then
A+ pu = Ou 4+ 0u = 0, so every subspace contains the vector 0. For any nonempty finite
index set I, one can show by induction on the cardinality of I that if (u;);cs is any family of
vectors u; € F and (\;)ier is any family of scalars, then )., \ju; € F.

The subspace {0} will be denoted by (0), or even 0 (with a mild abuse of notation).
Example 1.4.

1. In R?, the set of vectors u = (z,y) such that
r+y=0
is a subspace.

2. In R3, the set of vectors u = (x,y, z) such that
r+y+z=0
is a subspace.

3. For any n > 0, the set of polynomials f(X) € R[X] of degree at most n is a subspace
of R[X].

4. The set of upper triangular n x n matrices is a subspace of the space of n x n matrices.

Proposition 1.3. Given any vector space E, if S is any nonempty subset of E, then the
smallest subspace (S) (or Span(S)) of E containing S is the set of all (finite) linear combi-
nations of elements from S.

Proof. We prove that the set Span(.S) of all linear combinations of elements of S is a subspace
of F, leaving as an exercise the verification that every subspace containing S also contains

Span(S).

First, Span(S) is nonempty since it contains S (which is nonempty). If u = >, _; A,
and v =) ey Hjvj are any two linear combinations in Span(.S), for any two scalars A\, u € R,

RIS SETRD ST

iel jeJ
= Z /\)\zuz —+ Z ,u,ujvj
icl jed
= > M+ Y O ppui+ Y v,
icI—J ielnJ jed—I

which is a linear combination with index set I U J, and thus Au + pv € Span(S), which
proves that Span(.S) is a subspace. ]



1.5. BASES OF A VECTOR SPACE 35

One might wonder what happens if we add extra conditions to the coefficients involved
in forming linear combinations. Here are three natural restrictions which turn out to be
important (as usual, we assume that our index sets are finite):

(1)

Aiu; for which

d h=1L

el

Consider combinations ),

These are called affine combinations. One should realize that every linear combination
Zie ; Ay can be viewed as an affine combination. For example, if & is an index not
in I, if we let J =TU{k}, up =0, and A\, =1— >, A\, then >, ; A\ju; is an affine

combination and

Z /\zuz = Z )\jUj.

iel jeJ
However, we get new spaces. For example, in R3, the set of all affine combinations of
the three vectors e; = (1,0,0),es = (0,1,0), and e3 = (0,0,1), is the plane passing

through these three points. Since it does not contain 0 = (0,0,0), it is not a linear
subspace.

Consider combinations Zie 1 Ait; for which
A >0, foralliel.

These are called positive (or conic) combinations. It turns out that positive combina-
tions of families of vectors are cones. They show up naturally in convex optimization.

Consider combinations ) ., A\ju; for which we require (1) and (2), that is

d A=1, and A >0 foralliel
iel
These are called conver combinations. Given any finite family of vectors, the set of all

convex combinations of these vectors is a convex polyhedron. Convex polyhedra play a
very important role in convex optimization.

1.5 Bases of a Vector Space

Given a vector space E, given a family (v;);es, the subset V' of E consisting of the null vector
0 and of all linear combinations of (v;);c; is easily seen to be a subspace of E. The family
(v3)ier is an economical way of representing the entire subspace V', but such a family would
be even nicer if it was not redundant. Subspaces having such an “efficient” generating family
(called a basis) play an important role, and motivate the following definition.
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Definition 1.5. Given a vector space F and a subspace V of E, a family (v;);c; of vectors
v; € V spans V' or generates V iff for every v € V, there is some family (\;);e; of scalars in

R such that
vV = Z /\zvz

We also say that the elements of (v;);c; are generators of V' and that V' is spanned by (v;):er,
or generated by (v;)er. If a subspace V of E is generated by a finite family (v;);c;, we say
that V is finitely generated. A family (u;);c; that spans V' and is linearly independent is
called a basis of V.

Example 1.5.
1. In R3, the vectors (1,0,0), (0,1,0), and (0,0, 1) form a basis.

2. The vectors (1,1,1,1),(1,1,—1,-1),(1,—1,0,0), (0,0, 1, —1) form a basis of R* known
as the Haar basis. This basis and its generalization to dimension 2" are crucial in
wavelet theory.

3. In the subspace of polynomials in R[X] of degree at most n, the polynomials 1, X, X?,
..., X" form a basis.

n
k
that space. These polynomials play a major role in the theory of spline curves.

4. The Bernstein polynomials ) (1 —X)"*X* for k = 0,...,n, also form a basis of

The first key result of linear algebra that every vector space E has a basis. We begin
with a crucial lemma which formalizes the mechanism for building a basis incrementally.

Lemma 1.4. Given a linearly independent family (u;);e; of elements of a vector space E, if
v € E is not a linear combination of (u;)icr, then the family (u;)ie; Ux (v) obtained by adding
v to the family (u;)ier is linearly independent (where k & I ).

Proof. Assume that pv + 3. ; Aju; = 0, for any family (A;);es of scalars in R. If p # 0, then
p has an inverse (because R is a field), and thus we have v = — 3, (™' \;)u;, showing that
v is a linear combination of (u;);c; and contradicting the hypothesis. Thus, p = 0. But then,
we have )., Ayu; = 0, and since the family (u;);e; is linearly independent, we have A\; = 0
forall 1 € I. O

The next theorem holds in general, but the proof is more sophisticated for vector spaces
that do not have a finite set of generators. Thus, in this chapter, we only prove the theorem
for finitely generated vector spaces.

Theorem 1.5. Given any finite family S = (u;)ie; generating a vector space E and any
linearly independent subfamily L = (u;);ey of S (where J C I), there is a basis B of E such
that LC BCS.
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Proof. Consider the set of linearly independent families B such that L C B C S. Since this
set is nonempty and finite, it has some maximal element (that is, a subfamily B = (up)pen
of S with H C I of maximum cardinality), say B = (up)pen. We claim that B generates F.
Indeed, if B does not generate £, then there is some u, € S that is not a linear combination
of vectors in B (since S generates E), with p ¢ H. Then, by Lemma 1.4, the family
B" = (un)nenupy is linearly independent, and since L C B C B’ C S, this contradicts the
maximality of B. Thus, B is a basis of F such that L C B C S. O]

Remark: Theorem 1.5 also holds for vector spaces that are not finitely generated. In this
case, the problem is to guarantee the existence of a maximal linearly independent family B
such that L € B C S. The existence of such a maximal family can be shown using Zorn’s
lemma. A situation where the full generality of Theorem 1.5 is needed is the case of the vector
space R over the field of coefficients Q. The numbers 1 and v/2 are linearly independent
over Q, so according to Theorem 1.5, the linearly independent family L = (1,4/2) can be
extended to a basis B of R. Since R is uncountable and Q is countable, such a basis must
be uncountable!

The notion of a basis can also be defined in terms of the notion of maximal linearly
independent family, and minimal generating family.

Definition 1.6. Let (v;);cr be a family of vectors in a vector space E. We say that (v;);cs a
maximal linearly independent family of E if it is linearly independent, and if for any vector
w € FE, the family (v;);e; Ux {w} obtained by adding w to the family (v;);c; is linearly
dependent. We say that (v;);e; a minimal generating family of E if it spans E, and if for
any index p € I, the family (v;)icr—¢py obtained by removing v, from the family (v;);er does
not span F.

The following proposition giving useful properties characterizing a basis is an immediate
consequence of Lemma 1.4.

Proposition 1.6. Given a vector space E, for any family B = (v;);er of vectors of E, the
following properties are equivalent:

(1) B is a basis of E.
(2) B is a maximal linearly independent family of E.
(3) B is a minimal generating family of E.

Proof. Assume (1). Since B is a basis, it is a linearly independent family. We claim that
B is a maximal linearly independent family. If B is not a maximal linearly independent
family, then there is some vector w € E such that the family B’ obtained by adding w to B
is linearly independent. However, since B is a basis of E, the vector w can be expressed as
a linear combination of vectors in B, contradicting the fact that B’ is linearly independent.
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Conversely, assume (2). We claim that B spans E. If B does not span E, then there is
some vector w € E which is not a linear combination of vectors in B. By Lemma 1.4, the
family B’ obtained by adding w to B is linearly independent. Since B is a proper subfamily
of B’, this contradicts the assumption that B is a maximal linearly independent family.
Therefore, B must span F, and since B is also linearly independent, it is a basis of E.

Again, assume (1). Since B is a basis, it is a generating family of E. We claim that
B is a minimal generating family. If B is not a minimal generating family, then there is a
proper subfamily B’ of B that spans E. Then, every w € B — B’ can be expressed as a linear
combination of vectors from B’, contradicting the fact that B is linearly independent.

Conversely, assume (3). We claim that B is linearly independent. If B is not linearly
independent, then some vector w € B can be expressed as a linear combination of vectors
in B = B — {w}. Since B generates E, the family B’ also generates E, but B’ is a
proper subfamily of B, contradicting the minimality of B. Since B spans E and is linearly
independent, it is a basis of E. O

The second key result of linear algebra that for any two bases (u;);e; and (v;)jes of a
vector space F/, the index sets I and J have the same cardinality. In particular, if £ has a
finite basis of n elements, every basis of F has n elements, and the integer n is called the
dimension of the vector space F.

To prove the second key result, we can use the following replacement lemma due to
Steinitz. This result shows the relationship between finite linearly independent families and
finite families of generators of a vector space. We begin with a version of the lemma which is
a bit informal, but easier to understand than the precise and more formal formulation given
in Proposition 1.8. The technical difficulty has to do with the fact that some of the indices
need to be renamed.

Proposition 1.7. (Replacement lemma, version 1) Given a vector space E, let (uq, ..., up)
be any finite linearly independent family in E, and let (vy,...,v,) be any finite family such
that every u; is a linear combination of (vy,...,v,). Then, we must have m < n, and there
is a replacement of m of the vectors v; by (us, ..., uy), such that after renaming some of the
indices of the v;s, the families (u1, ..., Upm, Vmi1, - - ., V) and (vq,...,v,) generate the same
subspace of E.

Proof. We proceed by induction on m. When m = 0, the family (u4, ..., u,,) is empty, and
the proposition holds trivially. For the induction step, we have a linearly independent family
(U, ..., Um, Um1). Consider the linearly independent family (uq, ..., u,,). By the induction
hypothesis, m < n, and there is a replacement of m of the vectors v; by (u1,...,uy), such
that after renaming some of the indices of the vs, the families (uy, ..., Upm, Vmi1,- .-, 0,) and
(v1,...,v,) generate the same subspace of E. The vector u,,,; can also be expressed as a lin-
ear combination of (vy,...,v,), and since (uy, ..., Un, Vi1, -- ., 0,) and (vy, ..., v,) generate
the same subspace, u,,,1 can be expressed as a linear combination of (u1, ..., U, Umi1, .- -
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Uy), say

Umt+1 = Z )\ZUZ + Z )\j?)j.
=1

Jj=m+1
We claim that A; # 0 for some j with m +1 < j < n, which implies that m + 1 < n.

Otherwise, we would have

a nontrivial linear dependence of the w;, which is impossible since (u1, ..., u,.1) are linearly
independent.

Therefore m + 1 < n, and after renaming indices if necessary, we may assume that
Am+1 7 0, so we get

m n
Um+1 = — Z()\:na,_l/\i)ui - )\;1+1Um+1 - Z ()\r_n1+1)‘j)vj-

i=1 j=m+2
Observe that the families (uy, ..., Um, Vi1, -+, V) and (U, ..., Ups1, Uma2, - - -, Uy) gENETALE
the same subspace, since u,, 1 is a linear combination of (w1, ..., Upm, Vmat, - - -, Vp) and vy, 1
is a linear combination of (w1, ..., Umi1, Umio, .-, Un). Since (Ui, ..., Up, Vmat, - - -, Up) and
(v1,...,v,) generate the same subspace, we conclude that (uy, ..., Unti1, Vmi2,--.,0,) and
and (vy,...,v,) generate the same subspace, which concludes the induction hypothesis. [

Here is an example illustrating the replacement lemma. Consider the sequences (uq, uz, u3)
and (vq, vg, v3, vy, V5) Where (up, usg, ug) is a linearly independent family and with the u;s ex-
pressed in terms of the v;s as follows:

Uy = Vg4 + U5
Ug = V3 + Vg — Vs

U3 = V1 + V2 + V3.

From the first equation we get
Vg = U1 — Us,

and by substituting in the second equation we have
Uy = V3 + Uy — V5 = U3 + U] — Vs — Vs = Uy + V3 — 205.
From the above equation we get
vz = —uy + ug + 2vs,

and so
U3:Ul+U2+U3:U1+112—U1+UQ+2’U5.
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Finally, we get
U1:U1—UQ+U3—’U2—21)5

Therefore we have

U1:’LL1—UQ+'LL3—U2—2U5
UgZ—U1+U2+2’U5

V4 = U1 — Vs,

which shows that (uy, us, us, ve, vs5) spans the same subspace as (vq, va, 3, V4, v5). The vectors
(v1,v3,v4) have been replaced by (uy,us,us), and the vectors left over are (vy,vs5). We can
rename them (vy, vs).

For the sake of completeness, here is a more formal statement of the replacement lemma
(and its proof).

Proposition 1.8. (Replacement lemma, version 2) Given a vector space E, let (u;);c; be any
finite linearly independent family in E, where |I| = m, and let (v;)jes be any finite family
such that every u; is a linear combination of (v;),cs, where |J| =n. Then, there exists a set
L and an injection p: L — J (a relabeling function) such that LNI =0, |L| =n —m, and
the families (u;)icr U (Vo) )i and (v;)jes generate the same subspace of E. In particular,
m < n.

Proof. We proceed by induction on |[I| = m. When m = 0, the family (u;);c; is empty, and
the proposition holds trivially with L = J (p is the identity). Assume |/| = m + 1. Consider
the linearly independent family (u;)ic(r—{p}), Where p is any member of I. By the induction
hypothesis, there exists a set L and an injection p: L — J such that LN (I — {p}) = 0,
|L| = n—m, and the families (u;)ic(1—{p) U (Vo) )icr and (v;) ey generate the same subspace
of E. If p € L, we can replace L by (L — {p}) U {p'} where p’ does not belong to I U L, and
replace p by the injection p’ which agrees with p on L — {p} and such that p'(p’) = p(p).
Thus, we can always assume that L NI = ). Since u, is a linear combination of (v;)jecs
and the families (u;)ic(r—{p}) U (Vo) )icr and (vj);es generate the same subspace of E, w,, is
a linear combination of (u;)ic(1—{p1) U (Vo) )icr- Let

up =Y i+ Y Nvy. (1)
ie(I—{p}) leL

If \y =0 for all [ € L, we have

contradicting the fact that (u;);cs is linearly independent. Thus, A, # 0 for some [ € L, say
[ = q. Since \; # 0, we have

Ui = D, (AN Y (A A0 (2)
ic(I—{p}) le(L—{q})
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We claim that the families (u;)icr—{p}) U (Vp0))ier and (w;)ier U (vpu))ic(L—{q}) generate the
same subset of F. Indeed, the second family is obtained from the first by replacing v,q) by u,,
and vice-versa, and u,, is a linear combination of (u;)ie(r—{py) U (vpu))icr, by (1), and v, is a
linear combination of (u;)icrU(vpu))ic(L—{q}), by (2). Thus, the families (u;)icrU(vpu))ie(r—{q})
and (v;);es generate the same subspace of E, and the proposition holds for L — {¢} and the
restriction of the injection p: L — J to L —{q}, since LNT = () and |L| = n —m imply that
(L—{g¢})nI=0and |L—-{q}=n—(m+1). O

The idea is that m of the vectors v; can be replaced by the linearly independent wu;’s in
such a way that the same subspace is still generated. The purpose of the function p: L — J
is to pick n — m elements ji, ..., j,_m of J and to relabel them [y,...,l,_,, in such a way
that these new indices do not clash with the indices in I; this way, the vectors v;,,...,v;, .
who “survive” (i.e. are not replaced) are relabeled v, ..., v, ., and the other m vectors v;
with j € J—{Jj1,...,Jn_m]} are replaced by the u;. The index set of this new family is /U L.

Actually, one can prove that Proposition 1.8 implies Theorem 1.5 when the vector space
is finitely generated. Putting Theorem 1.5 and Proposition 1.8 together, we obtain the
following fundamental theorem.

Theorem 1.9. Let E be a finitely generated vector space. Any family (u;);e; generating E
contains a subfamily (u;)jes which is a basis of E. Any linearly independent family (u;)icr
can be extended to a family (u;)je; which is a basis of E (with I C J). Furthermore, for
every two bases (u;)ier and (vj);es of E, we have |I| = |J| = n for some fized integer n > 0.

Proof. The first part follows immediately by applying Theorem 1.5 with L = () and S =
(u;)ier. For the second part, consider the family S" = (u;)ier U (vp)nen, where (vp)pepm is
any finitely generated family generating E, and with I/ N H = (). Then, apply Theorem 1.5
to L = (u;)ier and to S’. For the last statement, assume that (u;);e; and (v;);jes are bases
of E. Since (u;);es is linearly independent and (v;);es spans E, Proposition 1.8 implies that
|| < |J]. A symmetric argument yields |J| < |1]. O

Remark: Theorem 1.9 also holds for vector spaces that are not finitely generated.

Definition 1.7. When a vector space E is not finitely generated, we say that F is of infinite
dimension. The dimension of a finitely generated vector space E is the common dimension
n of all of its bases and is denoted by dim(E).

Clearly, if the field R itself is viewed as a vector space, then every family (a) where a € R
and a # 0 is a basis. Thus dim(R) = 1. Note that dim({0}) = 0.

Definition 1.8. If E is a vector space of dimension n > 1, for any subspace U of F, if
dim(U) = 1, then U is called a line; if dim(U) = 2, then U is called a plane; if diim(U) = n—1,
then U is called a hyperplane. If dim(U) = k, then U is sometimes called a k-plane.
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Let (u;);er be a basis of a vector space E. For any vector v € E, since the family (u;);er
generates F, there is a family (\;);c; of scalars in R, such that

el

A very important fact is that the family (\;);c; is unique.

Proposition 1.10. Given a vector space E, let (u;);cr be a family of vectors in E. Letv € E,
and assume that v =", Aju;. Then, the family (\;)ier of scalars such that v =" ; \u;
is unique iff (u;)ier s linearly independent.

iel

Proof. First, assume that (u;);e; is linearly independent. If (p;);cr is another family of scalars
in R such that v = Zie[ (iu;, then we have

> (N = wu; =0,
iel

and since (u;);es is linearly independent, we must have \;—pu; = 0 for all i € I, that is, \; = ;
for all ¢ € I. The converse is shown by contradiction. If (u;);c; was linearly dependent, there
would be a family (y;);er of scalars not all null such that

Z piw; =0
iel
and p; # 0 for some j € /. But then,
iel iel iel iel

with \; # \j+p; since p; # 0, contradicting the assumption that (\;);e; is the unique family
such that v =), A, O

Definition 1.9. If (u;);c; is a basis of a vector space E, for any vector v € F| if (x;)cs is
the unique family of scalars in R such that

v = Z Ty,
icl
each x; is called the component (or coordinate) of index i of v with respect to the basis (u;)icr.
Many interesting mathematical structures are vector spaces. A very important example

is the set of linear maps between two vector spaces to be defined in the next section. Here
is an example that will prepare us for the vector space of linear maps.
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Example 1.6. Let X be any nonempty set and let E' be a vector space. The set of all
functions f: X — E can be made into a vector space as follows: Given any two functions
f: X —=>Fandg: X — E, let (f+g): X — E be defined such that

(f +9)(x) = f(z) +g(x)
for all x € X, and for every A € R, let A\f: X — E be defined such that

(AS)(x) = Af(x)

for all x € X. The axioms of a vector space are easily verified. Now, let £ = R, and let I
be the set of all nonempty subsets of X. For every S € I, let fg: X — E be the function
such that fo(x) =1iff x € S, and fs(z) =0 iff ¢ S. We leave as an exercise to show that
(fs)ser is linearly independent.

1.6 Matrices

In Section 1.1 we introduced informally the notion of a matrix. In this section we define
matrices precisely, and also introduce some operations on matrices. It turns out that matri-
ces form a vector space equipped with a multiplication operation which is associative, but
noncommutative. We will explain in Section 2.1 how matrices can be used to represent linear
maps, defined in the next section.

Definition 1.10. If K =R or K = C, an m x n-matriz over K is a family (a;;)1<i<m, 1<j<n
of scalars in K, represented by an array

a1 @12 ... Qin
a1  G22 ... d2p
Am1 Amo ... Amnp

In the special case where m = 1, we have a row vector, represented by
(ar1 -+ ain)
and in the special case where n = 1, we have a column vector, represented by

a1

Qm1

In these last two cases, we usually omit the constant index 1 (first index in case of a row,
second index in case of a column). The set of all m x n-matrices is denoted by M,, ,(K)
or M, ,. An n X n-matrix is called a square matriz of dimension n. The set of all square
matrices of dimension n is denoted by M,,(K), or M,,.
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Remark: As defined, a matrix A = (a;;)1<i<m, 1<j<n 18 & family, that is, a function from
{1,2,...,m} x {1,2,...,n} to K. As such, there is no reason to assume an ordering on
the indices. Thus, the matrix A can be represented in many different ways as an array, by
adopting different orders for the rows or the columns. However, it is customary (and usually
convenient) to assume the natural ordering on the sets {1,2,...,m} and {1,2,...,n}, and
to represent A as an array according to this ordering of the rows and columns.

We define some operations on matrices as follows.

Definition 1.11. Given two m x n matrices A = (a;;) and B = (b;;), we define their sum
A+ B as the matrix C' = (¢;;) such that ¢;; = a;; + b; ;; that is,

aiq aio ain bll blg bln
921 99 ... Qop bgl bgg an
) ) + ) )
Am1 Am2 - Qmn bmi bma ... bmn
a11+611 a12+b12 a1n+b1n
az1 +ba1 aga+baa ... ag, +bay
6Lml"'bml am2+bm2 amn+bmn

For any matrix A = (a;,), we let —A be the matrix (—a;;). Given a scalar A € K, we define
the matrix AA as the matrix C' = (¢;;) such that ¢;; = Aa;;; that is

a1 a1 ... QAip )\a11 )\alg )\aln

921 a29 ... QAap )\0,21 )\a22 )\agn
A o | = : :

Am1 Gm2 .. Qmn Am1 Ao ... AN

Given an m x n matrices A = (a;;) and an n X p matrices B = (by,;), we define their product
AB as the m x p matrix C' = (¢;;) such that

n
Cij = E i kbr j,
k=1

for 1 <7< m,and 1 <j <p. In the product AB = C shown below

aiq a2 ... QA1n bll b12 blp C11 Ci12 ... Cip
91 Ao9 ... (UAa2n b21 b22 bgp Co1 Co2 ... Cap

Am1 Am2 ... Amn bnl bn2 bnp Cm1 Cm2 --- Cmp
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note that the entry of index ¢ and j of the matrix AB obtained by multiplying the matrices
A and B can be identified with the product of the row matrix corresponding to the i-th row
of A with the column matrix corresponding to the j-column of B:

by

J n
(@ir - ain) | 1 | = E a; by ;.
b k=1

Definition 1.12. The square matrix [,, of dimension n containing 1 on the diagonal and 0
everywhere else is called the identity matriz. It is denoted by

10 ... 0
01 ... 0
I, =
0 0 ... 1
Definition 1.13. Given an m X n matrix A = (a,;), its transpose AT = (a,), is the

n X m-matrix such that ajTi =a;;, foralli,1 <7<m,andall j,1 <7 <n.

The transpose of a matrix A is sometimes denoted by A’ or even by ‘A. Note that the
transpose A" of a matrix A has the property that the j-th row of AT is the j-th column of
A. In other words, transposition exchanges the rows and the columns of a matrix.

The following observation will be useful later on when we discuss the SVD. Given any
m x n matrix A and any n X p matrix B, if we denote the columns of A by A!,..., A" and
the rows of B by By, ..., B,, then we have

AB = A'B;+---+ A"B,,.
For every square matrix A of dimension n, it is immediately verified that Al, = [,,A = A.

Definition 1.14. For any square matrix A of dimension n, if a matrix B such that AB =
BA = I, exists, then it is unique, and it is called the inverse of A. The matrix B is also
denoted by A~!. An invertible matrix is also called a nonsingular matrix, and a matrix that
is not invertible is called a singular matrix.

Using Proposition 1.15 and the fact that matrices represent linear maps, it can be shown
that if a square matrix A has a left inverse, that is a matrix B such that BA = I, or a right
inverse, that is a matrix C' such that AC = I, then A is actually invertible; so B = A~! and
C = A7, These facts also follow from Proposition 3.9.

It is immediately verified that the set M,, ,(K) of m X n matrices is a vector space under
addition of matrices and multiplication of a matrix by a scalar. Consider the m x n-matrices
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E;; = (enk), defined such that e;; = 1, and ey, = 0, if h # i or k # j. It is clear that every
matrix A = (a;;) € M, »(K) can be written in a unique way as

m n

A — ZZCL,‘]‘EZ'J.

i=1 j=1

It R

sion mn.

Remark: Definition 1.10 and Definition 1.11 also make perfect sense when K is a (com-
mutative) ring rather than a field. In this more general setting, the framework of vector
spaces is too narrow, but we can consider structures over a commutative ring A satisfying
all the axioms of Definition 1.2. Such structures are called modules. The theory of modules
is (much) more complicated than that of vector spaces. For example, modules do not always
have a basis, and other properties holding for vector spaces usually fail for modules. When
a module has a basis, it is called a free module. For example, when A is a commutative
ring, the structure A" is a module such that the vectors e;, with (e;); = 1 and (e;); = 0 for
j # 1, form a basis of A”. Many properties of vector spaces still hold for A™. Thus, A" is a
free module. As another example, when A is a commutative ring, M, ,(A) is a free module

SNl ) >

of infinite dimension.

The properties listed in Proposition 1.11 are easily verified, although some of the com-
putations are a bit tedious. A more conceptual proof is given in Proposition 2.1.

Proposition 1.11. (1) Given any matrices A € M,, ,(K), B € M,,,(K), and C € M,, ,(K),
we have

(AB)C = A(BC);
that is, matriz multiplication is associative.

(2) Given any matrices A, B € My, ,(K), and C,D € M,, ,(K), for all A € K, we have

(A+ B)C = AC + BC
A(C + D) = AC + AD
(M)C = A(AC)
ANC) = M(AC),

so that matriz multiplication -: My, ,,(K) x M, ,(K) = M, ,(K) is bilinear.
The properties of Proposition 1.11 together with the fact that Al, = I,A = A for all

square n X n matrices show that M,,(K) is a ring with unit 7,, (in fact, an associative algebra).
This is a noncommutative ring with zero divisors, as shown by the following Example.
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Example 1.7. For example, letting A, B be the 2 x 2-matrices
1 0 0 0
=) m=(00)
1 0\ /0 0O 00
AB:(O 0> (1 0):<0 o)’
0 0\ /1 O 00
pa= (1 5) (6 0)=(1 o)

Thus AB # BA, and AB = 0, even though both A, B # 0.

then

and

1.7 Linear Maps

Now that we understand vector spaces and how to generate them, we would like to be able
to transform one vector space E into another vector space F. A function between two vector
spaces that preserves the vector space structure is called a homomorphism of vector spaces,
or linear map. Linear maps formalize the concept of linearity of a function.

Keep in mind that linear maps, which are transformations of
space, are usually far more important than the spaces
themselves.

In the rest of this section, we assume that all vector spaces are real vector spaces.

Definition 1.15. Given two vector spaces E and F', a linear map between E and F is a
function f: E — F satisfying the following two conditions:

fla+y) = f(z)+ fy) for all z,y € E;
f(Az) = Af(z) forall \ e R, z € E.

Setting x = y = 0 in the first identity, we get f(0) = 0. The basic property of linear
maps is that they transform linear combinations into linear combinations. Given any finite
family (u;);er of vectors in E, given any family ()\;);er of scalars in R, we have

f(z Ait;) = Z Aif (wi).

icl icl
The above identity is shown by induction on |I| using the properties of Definition 1.15.

Example 1.8.
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. The map f: R? — R? defined such that

/

r—y

/

is a linear map. The reader should check that it is the composition of a rotation by
7/4 with a magnification of ratio v/2.

. For any vector space FE, the identity map id: F — FE given by

id(u) =u forallueFE

is a linear map. When we want to be more precise, we write idg instead of id.

. The map D: R[X] — R[X] defined such that

where f’(X) is the derivative of the polynomial f(X), is a linear map.

. The map ®: C([a,b]) — R given by

B(f) = / F(tydt,

where C([a, b]) is the set of continuous functions defined on the interval [a, b], is a linear
map.

. The function (—, —): C([a, b]) x C([a,b]) — R given by

(fi9) = / f(t)g(t)dt,

is linear in each of the variable f, g. Tt also satisfies the properties (f, g) = (g, f) and
(f,f) =0iff f=0. It is an example of an inner product.

Definition 1.16. Given a linear map f: F — F, we define its image (or range) Im f = f(F),
as the set

Imf={yeF|QEreE)y=/flx)}

and its Kernel (or nullspace) Ker f = f71(0), as the set

Kerf={ze E| f(x) =0}.
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The derivative map D: R[X] — R[X] from Example 1.8(3) has kernel the constant
polynomials, so Ker D = R. If we consider the second derivative Do D: R[X] — R[X], then
the kernel of Do D consists of all polynomials of degree < 1. The image of D: R[X]| — R[X]
is actually R[X] itself, because every polynomial P(X) = ag X"+ -+ a,_1X + a, of degree
n is the derivative of the polynomial Q(X) of degree n 4 1 given by

Xn+1 X2

Q(X)ZCL —i—---+an_17—|—anX.

0n—|—1

On the other hand, if we consider the restriction of D to the vector space R[X],, of polyno-
mials of degree < n, then the kernel of D is still R, but the image of D is the R[X],_1, the
vector space of polynomials of degree < n — 1.

Proposition 1.12. Given a linear map f: E — F, the set Im f is a subspace of F' and the
set Ker f is a subspace of E. The linear map f: E — F is injective iff Ker f = (0) (where
(0) is the trivial subspace {0}).

Proof. Given any z,y € Im f, there are some u,v € E such that x = f(u) and y = f(v),
and for all A\, u € R, we have

fOu+ pv) = Af(u) + pf(v) = Az + py,

and thus, Ax + py € Im f, showing that Im f is a subspace of F.
Given any x,y € Ker f, we have f(z) =0 and f(y) = 0, and thus,

fQx + py) = M (x) +pf(y) =0,

that is, Ax + py € Ker f, showing that Ker f is a subspace of E.

First, assume that Ker f = (0). We need to prove that f(z) = f(y) implies that x = y.
However, if f(x) = f(y), then f(z) — f(y) = 0, and by linearity of f we get f(z —y) = 0.
Because Ker f = (0), we must have x — y = 0, that is z = y, so f is injective. Conversely,
assume that f is injective. If z € Ker f, that is f(x) = 0, since f(0) = 0 we have f(z) = f(0),
and by injectivity, * = 0, which proves that Ker f = (0). Therefore, f is injective iff
Ker f = (0). O

Since by Proposition 1.12, the image Im f of a linear map f is a subspace of F', we can
define the rank rk(f) of f as the dimension of Im f.

Definition 1.17. Given a linear mapf: E — F, the rank rk(f) of f is the dimension of the
image Im f of f.

A fundamental property of bases in a vector space is that they allow the definition of
linear maps as unique homomorphic extensions, as shown in the following proposition.
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Proposition 1.13. Given any two vector spaces E and F, given any basis (u;)ie; of E,
given any other family of vectors (v;);er in F, there is a unique linear map f: E — F such
that f(u;) = v; for alli € I. Furthermore, f is injective iff (v;)icr is linearly independent,
and f is surjective iff (v;)ie; generates F.

Proof. 1f such a linear map f: F — F exists, since (u;);c; is a basis of E, every vector x € FE
can written uniquely as a linear combination

r = Z T;Ug,
il
and by linearity, we must have
flz) = Z i f (u;) = Z Z;iVj.
iel iel
Define the function f: F — F, by letting
flz) = Z T,
el
for every x = > .., zju;. It is easy to verify that f is indeed linear, it is unique by the
previous reasoning, and obviously, f(u;) = v;.
Now, assume that f is injective. Let (\;);e; be any family of scalars, and assume that
iel
Since v; = f(u;) for every ¢ € I, we have
f(z i) = Z Aif(u;) = Z A = 0.
iel iel iel
Since f is injective iff Ker f = (0), we have
Z )\1UZ = O,
iel
and since (u;);es is a basis, we have \; = 0 for all ¢ € I, which shows that (v;);cs is linearly

independent. Conversely, assume that (v;);c; is linearly independent. Since (u;);c; is a basis
of E, every vector x € E is a linear combination x = )., \iu; of (u;)ier. If

f(z) = f(z Aitt;) = 0,

then

Z Aiv; = Z )\if(ui) = f(z )\iui) =0,

iel iel iel
and \; = 0 for all ¢ € I because (v;);cr is linearly independent, which means that z = 0.
Therefore, Ker f = (0), which implies that f is injective. The part where f is surjective is
left as a simple exercise. O



1.7. LINEAR MAPS 51

By the second part of Proposition 1.13, an injective linear map f: £ — F sends a basis
(u;)ier to a linearly independent family (f(u;));e; of F, which is also a basis when f is
bijective. Also, when F and F' have the same finite dimension n, (u;);cs is a basis of E, and
f: E — F is injective, then (f(u;));cs is a basis of F' (by Proposition 1.6).

The following simple proposition is also useful.

Proposition 1.14. Given any two vector spaces E and F, with F' nontrivial, given any
family (u;)ier of vectors in E, the following properties hold:

(1) The family (u;);er generates E iff for every family of vectors (v;)ier in F, there is at
most one linear map f: E — F such that f(u;) = v; for all i € I.

(2) The family (u;)ier is linearly independent iff for every family of vectors (v;)ier in F,
there is some linear map f: E — F such that f(u;) = v; for alli € I.

Proof. (1) If there is any linear map f: F — F such that f(u;) = v; for all i € I, since
(u;)ier generates E| every vector x € E can be written as some linear combination

r = E TiUg,

icl

and by linearity, we must have

flz) = szf(uz) = Z%Uz

1€l il

This shows that f is unique if it exists. Conversely, assume that (u;);c; does not generate E.
Since F' is nontrivial, there is some some vector y € F' such that y # 0. Since (u;);e; does
not generate F, there is some vector w € E that is not in the subspace generated by (u;);crs.
By Theorem 1.9, there is a linearly independent subfamily (u;);cs, of (u;);e; generating the
same subspace. Since by hypothesis, w € E' is not in the subspace generated by (u;);cs,, by
Lemma 1.4 and by Theorem 1.9 again, there is a basis (e;);jer,us of E, such that e; = u; for
all i € Iy, and w = e;, for some j, € J. Letting (v;);e; be the family in F' such that v; =0
for all i € I, defining f: E — F to be the constant linear map with value 0, we have a linear
map such that f(u;) = 0 for all @ € I. By Proposition 1.13, there is a unique linear map
g: E — F such that g(w) =y, and g(e;) =0 for all j € (I[pUJ) —{jo}. By definition of the
basis (€;)jer,us of E, we have g(u;) = 0 for all 4 € I, and since f # g, this contradicts the
fact that there is at most one such map.

(2) If the family (u;);es is linearly independent, then by Theorem 1.9, (u;);er can be
extended to a basis of F/, and the conclusion follows by Proposition 1.13. Conversely, assume
that (u;)ser is linearly dependent. Then, there is some family ()\;);c; of scalars (not all zero)

such that

iel
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By the assumption, for any nonzero vector y € F, for every ¢ € I, there is some linear map
fit E— F, such that f;(u;) =y, and fi(u;) =0, for j € I — {i}. Then, we would get

0= fZ(Z i) = Z Aifi(us) = Ny,

icl icl

and since y # 0, this implies A\; = 0 for every i € I. Thus, (u;);cs is linearly independent. [

Given vector spaces E, F', and G, and linear maps f: F — F and g: F — G, it is easily
verified that the composition go f: F — G of f and g is a linear map.

Definition 1.18. A linear map f: £ — F is an isomorphism iff there is a linear map
g: F — E, such that

gof=idg and fog=idp. (*)

The map g in Definition 1.18 is unique. This is because if g and h both satisfy go f = idg,
fog=idp, ho f =idg, and f o h = idp, then

g=goidp=go(foh)=(gof)oh=idgoh =h.

The map g satisfying (x) above is called the inverse of f and it is also denoted by f~1.

Observe that Proposition 1.13 shows that if ' = R", then we get an isomorphism between
any vector space E of dimension |J| = n and R". Proposition 1.13 also implies that if £
and F' are two vector spaces, (u;);es is a basis of E, and f: F — F is a linear map which is
an isomorphism, then the family (f(u;)):es is a basis of F.

One can verify that if f: £ — F is a bijective linear map, then its inverse f~': [ — FE,
as a function, is also a linear map, and thus f is an isomorphism.

Another useful corollary of Proposition 1.13 is this:

Proposition 1.15. Let E be a vector space of finite dimensionn > 1 and let f: E — E be
any linear map. The following properties hold:

(1) If f has a left inverse g, that is, if g is a linear map such that go f =id, then f is an
isomorphism and f~ = g.

(2) If f has a right inverse h, that is, if h is a linear map such that f o h =1id, then f is
an isomorphism and f~1 = h.

Proof. (1) The equation g o f = id implies that f is injective; this is a standard result
about functions (if f(z) = f(y), then g(f(x)) = g(f(y)), which implies that x = y since
go f =1id). Let (uy,...,u,) be any basis of E. By Proposition 1.13, since f is injective,
(f(u1),..., f(u,)) is linearly independent, and since E has dimension n, it is a basis of
E (if (f(uy),..., f(u,)) doesn’t span E, then it can be extended to a basis of dimension
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strictly greater than n, contradicting Theorem 1.9). Then, f is bijective, and by a previous
observation its inverse is a linear map. We also have

g=goid=go(fof)=(gof)of ' =idof=f"

(2) The equation f o h = id implies that f is surjective; this is a standard result about
functions (for any y € F, we have f(h(y)) = y). Let (uy,...,u,) be any basis of E. By
Proposition 1.13, since f is surjective, (f(uy),..., f(u,)) spans E, and since E has dimension
n, it is a basis of E (if (f(u1), ..., f(u,)) is not linearly independent, then because it spans F,
it contains a basis of dimension strictly smaller than n, contradicting Theorem 1.9). Then,
f is bijective, and by a previous observation its inverse is a linear map. We also have

h=idoh=(ftof)oh=flo(foh)=floid=f".
This completes the proof. O

Definition 1.19. The set of all linear maps between two vector spaces E and F' is denoted by
Hom(E, F) or by L(E; F) (the notation L(E; F) is usually reserved to the set of continuous
linear maps, where £ and F' are normed vector spaces). When we wish to be more precise and
specify the field K over which the vector spaces E and F' are defined we write Homg (E, F').

The set Hom(E, F') is a vector space under the operations defined in Example 1.6, namely

(f +9)(x) = f(z) + g(x)
for all z € E, and
(Af)(x) = Af(z)
for all x € E. The point worth checking carefully is that Af is indeed a linear map, which
uses the commutativity of x in the field K (typically, K =R or K = C). Indeed, we have

(M) () = M () = Mf () = A f(x) = pA) (@),

When E and F have finite dimensions, the vector space Hom(E, F') also has finite di-
mension, as we shall see shortly.

Definition 1.20. When E = F, a linear map f: F — FE is also called an endomorphism.
The space Hom(E, E) is also denoted by End(E).

It is also important to note that composition confers to Hom(FE, F) a ring structure.
Indeed, composition is an operation o: Hom(£, E) x Hom(F, E) — Hom(E, F), which is
associative and has an identity idg, and the distributivity properties hold:

(Gitg)of=giof+golf;
go(fi+fo)=gofit+gofo
The ring Hom(FE, F) is an example of a noncommutative ring.

It is easily seen that the set of bijective linear maps f: F — E is a group under compo-
sition.
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Definition 1.21. Bijective linear maps f: F — FE are also called automorphisms. The
group of automorphisms of E is called the general linear group (of E'), and it is denoted by
GL(E), or by Aut(E), or when E = R", by GL(n,R), or even by GL(n).

1.8 Linear Forms and the Dual Space

We already observed that the field K itself (K = R or K = C) is a vector space (over itself).
The vector space Hom(F, K) of linear maps from E to the field K, the linear forms, plays
a particular role. In this section, we only define linear forms and show that every finite-
dimensional vector space has a dual basis. A more advanced presentation of dual spaces and
duality is given in Chapter 8.

Definition 1.22. Given a vector space E, the vector space Hom(FE, K) of linear maps from
E to the field K is called the dual space (or dual) of E. The space Hom(E, K) is also denoted
by E*, and the linear maps in E* are called the linear forms, or covectors. The dual space
E** of the space E* is called the bidual of E.

As a matter of notation, linear forms f: £ — K will also be denoted by starred symbol,
such as u*, x*, etc.

If F is a vector space of finite dimension n and (uq, ..., u,) is a basis of F, for any linear
form f* € E*, for every © = xyuy + - - - + x,u, € E, by linearity we have

fr@) = f(u)ar + -+ (un)2n
=Mz + -+ AT,

with \; = f*(u;) € K for every i, 1 < i < n. Thus, with respect to the basis (u1,...,uy),
the linear form f* is represented by the row vector

(A1 o An),

we have

T

a linear combination of the coordinates of x, and we can view the linear form f* as a linear
equation. If we decide to use a column vector of coefficients

&1

Cn
instead of a row vector, then the linear form f* is defined by
f*(z) =c'z.

The above notation is often used in machine learning.
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Example 1.9. Given any differentiable function f: R™ — R, by definition, for any x € R",
the total derivative df, of f at x is the linear form df,: R® — R defined so that for all
u=(uy,...,u,) € R"

= (e - @) || =X e

Example 1.10. Let C([0, 1]) be the vector space of continuous functions f: [0,1] — R. The
map Z: C([0,1]) — R given by

Z(f) :/0 f(z)dz for any f € C([0,1])

is a linear form (integration).

Example 1.11. Consider the vector space M,,(R) of real n xn matrices. Let tr: M,(R) - R
be the function given by
tI‘(A) = a1 + a2 + A+ A,

called the trace of A. It is a linear form. Let s: M, (R) — R be the function given by
S(A) = Z CLij,
ij=1

where A = (a;;). It is immediately verified that s is a linear form.

Given a vector space E and any basis (u;);c; for E, we can associate to each u; a linear
form v} € E*, and the u; have some remarkable properties.

Definition 1.23. Given a vector space F and any basis (u;);c; for E, by Proposition 1.13,
for every ¢ € I, there is a unique linear form u; such that

oo 1=
i (uy) = {0 if § £ 5,
for every j € I. The linear form v} is called the coordinate form of index ¢ w.r.t. the basis

(uz’>z’€[-

Remark: Given an index set I, authors often define the so called “Kronecker symbol” §;

such that
s _[1 ifi=]
Y0 ifd # g,
for all 4,7 € I. Then, u}(u;) = 0;;.
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The reason for the terminology coordinate form is as follows: If E has finite dimension
and if (u1,...,u,) is a basis of E, for any vector

v:>\1u1+"'+Anun7
we have
ui (v) = u; (Aug + -+ + Auy)
= Mul(ug) + -+ Nug (w) + -+ Apu (uy)
== >\i7
since u}(u;j) = 0;;. Therefore, u} is the linear function that returns the sth coordinate of a
vector expressed over the basis (ug, ..., u,).

The following theorem shows that in finite-dimension, every basis (uq, .. ., u,) of a vector
space E yields a basis (u,...,u}) of the dual space E*, called a dual basis.

Theorem 1.16. (Existence of dual bases) Let E be a vector space of dimension n. The
following properties hold: For every basis (ui,...,u,) of E, the family of coordinate forms
(uf,...,ut) is a basis of E* (called the dual basis of (uy,...,uy)).

ro'n

Proof. (a) If v* € E* is any linear form, consider the linear form
fr=v"(up)ul + -+ 0" (uy)u.

Observe that because u}(u;) = d;;,
= v (un)uy(ug) + - 4 0" (u)ug (ug) + - -+ + 0" (un)uy (u;)
(

and so f* and v* agree on the basis (uy,...,u,), which implies that

vt = =0 (u)ul + - 40T (ug) .

*

Therefore, (uf,...,u’) spans E*. We claim that the covectors uf,...,u} are linearly inde-

r'n

pendent. If not, we have a nontrivial linear dependence
Mt + -+ At =0,
and if we apply the above linear form to each u;, using a familar computation, we get

*

proving that uf,...,u} are indeed linearly independent. Therefore, (uj, ..., u}) is a basis of

»on

£ [l

In particular, Theorem 1.16 shows a finite-dimensional vector space and its dual E* have
the same dimension.
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1.9 Summary

The main concepts and results of this chapter are listed below:

The notion of a vector space.
Families of vectors.

Linear combinations of vectors; linear dependence and linear independence of a family
of vectors.

Linear subspaces.

Spanning (or genmerating) family; generators, finitely generated subspace; basis of a
subspace.

Every linearly independent family can be extended to a basis (Theorem 1.5).

A family B of vectors is a basis iff it is a maximal linearly independent family iff it is
a minimal generating family (Proposition 1.6).

The replacement lemma (Proposition 1.8).

Any two bases in a finitely generated vector space E have the same number of elements;
this is the dimension of E (Theorem 1.9).

Hyperplanes.

Every vector has a unique representation over a basis (in terms of its coordinates).
matrices

Column vectors, row vectors.

Matrix operations: addition, scalar multiplication, multiplication.

The vector space M,, ,(K) of m x n matrices over the field K; The ring M, (K) of
n x n matrices over the field K.

The notion of a linear map.

The image Im f (or range) of a linear map f.
The kernel Ker f (or nullspace) of a linear map f.
The rank rk(f) of a linear map f.

The image and the kernel of a linear map are subspaces. A linear map is injective iff
its kernel is the trivial space (0) (Proposition 1.12).
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The wunique homomorphic extension property of linear maps with respect to bases
(Proposition 1.13 ).

Linear forms (covectors) and the dual space E*.
Coordinate forms.

The existence of dual bases (in finite dimension).



Chapter 2

Matrices and Linear Maps

2.1 Representation of Linear Maps by Matrices

Proposition 1.13 shows that given two vector spaces £ and F' and a basis (u;);ec; of E, every
linear map f: £ — F is uniquely determined by the family (f(u;));jes of the images under
f of the vectors in the basis (u;);es-

If we also have a basis (v;);e; of F, then every vector f(u;) can be written in a unique

way as
fluy) = Zaijvia
iel
where j € J, for a family of scalars (a;;)ie;. Thus, with respect to the two bases (u;);cs
of E and (v;);e; of F, the linear map f is completely determined by a “I x J-matrix”

M(f) = (aij)iel, jeJ-

Remark: Note that we intentionally assigned the index set J to the basis (u;);es of E, and
the index set I to the basis (v;);e; of F, so that the rows of the matrix M(f) associated
with f: E — F are indexed by I, and the columns of the matrix M(f) are indexed by J.
Obviously, this causes a mildly unpleasant reversal. If we had considered the bases (u;);c; of
E and (v;)jes of F, we would obtain a J x [-matrix M(f) = (a;i);es, icr- No matter what
we do, there will be a reversall We decided to stick to the bases (u;);es of E and (v;);es of
F', so that we get an I x J-matrix M(f), knowing that we may occasionally suffer from this
decision!

When I and J are finite, and say, when |I| = m and |J| = n, the linear map f is
determined by the matrix M (f) whose entries in the j-th column are the components of the

vector f(u;) over the basis (v1,...,vy,), that is, the matrix
11 @12 ... Qin
M(f): 21 Q22 ... dan
Am1 m2 . Qmn

29
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whose entry on row ¢ and column j is a;; (1 <i<m, 1 <j<n).

We will now show that when E and F' have finite dimension, linear maps can be very
conveniently represented by matrices, and that composition of linear maps corresponds to
matrix multiplication. We will follow rather closely an elegant presentation method due to
Emil Artin.

Let £ and F' be two vector spaces, and assume that F has a finite basis (uy,...,u,) and
that F' has a finite basis (v, ...,v,). Recall that we have shown that every vector x € F
can be written in a unique way as

T =21U1 + -+ TpUy,
and similarly every vector y € F' can be written in a unique way as
Y =1Y101+  F YmUn.

Let f: E — F be a linear map between E and F'. Then, for every x = zquq + - - - + z,u, in
E, by linearity, we have

(@) = f(ur) + - 4z f(un).

Let
f(u]) = aljvl + -+ amjvm,

or more concisely,

flu) =" aivi,
=1

for every 7, 1 < j < mn. This can be expressed by writing the coefficients ay;, as;, ..., am; of
f(u;) over the basis (v1,...,v,), as the jth column of a matrix, as shown below:
flur) fluz) oo fun)
U1 an a2 ... Qin
(%) as1 a9o . Aon
Um A1 A2 e Apn,

Then, substituting the right-hand side of each f(u;) into the expression for f(z), we get

m m

flx) = xl(z aiv;) + -+ xn(z ain0;),

=1 =1

which, by regrouping terms to obtain a linear combination of the v;, yields

f(z) = (Z ayjri)vr + -0+ (Z U 2§ ) V.-
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Thus, letting f(z) =y = y1v1 + -+ - + YmUm, we have
yi =Y aij; (1)
j=1
forall i, 1 <i<m.
To make things more concrete, let us treat the case where n = 3 and m = 2. In this case,
f(ur) = anvy + ag1vy

f(u2) = arpvy + agove

f(us) = a13v1 + agzva,

which in matrix form is expressed by

and for any x = xyuy + rous + x3u3, We have

f(a:) = f(:clul —+ TolUo —+ SL’3U3)
= 21 f(w1) + 2o f (u2) + 3 f (us3)
= z1(anv + anva) + xa(apvy + agnvs) + x3(azvr + agsvs)

= (CL11£IZ'1 + Q1229 + CL13£IZ'3)U1 -+ (aglxl “+ agxo + CngCEg)UQ.

Consequently, since
Y = y1v1 + Y2v2,

we have

Y1 = A1171 + Q192 + A1373

Y2 = A21T1 + A22T2 + A23T3.

This agrees with the matrix equation
Ty
Y1\ _ (a1 @12 ais
= To
<y2> (azl 22 a23>
xs3

We now formalize the representation of linear maps by matrices.
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Definition 2.1. Let E and F be two vector spaces, and let (uq,...,u,) be a basis for F,
and (vy,...,v,) be a basis for F. Each vector x € E expressed in the basis (uq,...,u,) as
r = r1uy + - + Tpu, is represented by the column matrix

T
M(z) = |
xn
and similarly for each vector y € F' expressed in the basis (v1,...,vy).

Every linear map f: E — F is represented by the matrix M(f) = (a;;), where a; ; is the
i-th component of the vector f(u;) over the basis (vy,...,vy,), i.e., where

fluy) = Zaijvi, for every 5,1 < j <n.
=1

The coefficients ay;, asj, . . ., m; of f(u;) over the basis (vy,...,v,,) form the jth column of
the matrix M(f) shown below:

U1 ai 12 . A1n
%) 21 D) e A2n,
Um, am1 Am2 e Amn

The matrix M(f) associated with the linear map f: E — F is called the matriz of f with
respect to the bases (ui,...,u,) and (vy,...,v,). When E = F and the basis (vq,...,0n)
is identical to the basis (uy,...,u,) of E, the matrix M(f) associated with f: E — F (as
above) is called the matriz of f with respect to the basis (uy, ..., uy,).

Remark: As in the remark after Definition 1.10, there is no reason to assume that the
vectors in the bases (uq, ..., u,) and (vy, ..., v,,) are ordered in any particular way. However,
it is often convenient to assume the natural ordering. When this is so, authors sometimes
refer to the matrix M (f) as the matrix of f with respect to the ordered bases (ui, ..., uy)
and (v, ..., Um).

Let us now consider how the composition of linear maps is expressed in terms of bases.

Let E, F, and G, be three vectors spaces with respective bases (u1,...,u,) for E,
(v1,...,v,) for F and (wy,...,wy,) for G. Let g: E — F and f: F — G be linear maps.
As explained earlier, g: E — F'is determined by the images of the basis vectors u;, and
f: F'— (G is determined by the images of the basis vectors v,. We would like to understand
how fog: & — G is determined by the images of the basis vectors u;.
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Remark: Note that we are considering linear maps ¢g: £ — F and f: FF — G, instead
of f: E — F and ¢g: F — G, which yields the composition f o g: F — G instead of
go f: E — G. Our perhaps unusual choice is motivated by the fact that if f is represented
by a matrix M(f) = (a;x) and g is represented by a matrix M(g) = (bx;), then fog: E — G
is represented by the product AB of the matrices A and B. If we had adopted the other
choice where f: F — F and g: F — G, then go f: E — G would be represented by the
product BA. Personally, we find it easier to remember the formula for the entry in row ¢ and
column of j of the product of two matrices when this product is written by AB, rather than
BA. Obviously, this is a matter of taste! We will have to live with our perhaps unorthodox
choice.

Thus, let
fo) = Z Qj Wi,
i=1
for every k, 1 < k <n, and let
g(u;) = b jox,
k=1
for every j, 1 < j < p; in matrix form, we have

flor) f(v2) ... f(vn)

w1 a1y a192 . Q1n
Wa 921 929 Ce Qon
W, Am1 Am2 Ce (07

and

g(ur)  g(uz) g(up)

V1 b11 blg Ce blp

(%) b21 1)22 Ce bgp

Un bnl bng e bnp

By previous considerations, for every
T = 21Uy + -+ Tplyp,

letting g(z) =y = y1v1 + - - - + ynvp, we have

p
ye =Y bijz; (2)
j=1
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for all £, 1 < k <n, and for every
Y = Y11 + -+ YnUn,

letting f(y) = z = zywy + -+ - + Zp Wy, We have

w= ai (3)
s

for all i, 1 <4 < m. Then, if y = g(x) and z = f(y), we have z = f(g(z)), and in view of
(2) and (3), we have

n p
2= ain(d_ bijx;)
k=1 =1

n p
= E E i kb T

k=1 j=1

P n

= E E i kb 5
j=1 k=1

p n

O airbij)z;.
k=1

j=1 k=

Thus, defining ¢;; such that

n

Cij = E aikbkjy

k=1

for 1 <i<m,and 1 <j < p, we have
p
=) ey (4)
j=1

Identity (4) shows that the composition of linear maps corresponds to the product of
matrices.

Then, given a linear map f: £ — F represented by the matrix M(f) = (a;;) w.r.t. the
bases (u1,...,u,) and (vi,...,v,), by equations (1), namely

n
yi:Zaijxj 1<i<m,
=1
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and the definition of matrix multiplication, the equation y = f(x) corresponds to the matrix
equation M(y) = M(f)M (x), that is,

Y1 a1 C a1n al
Ym Am1 - Qmn Tn
Recall that
aip Qa2 ... Qin X1 aii Q12 ain
az1 Q292 ... Q2n X2 asq 22 A2n
= ) + 9 ) + - F Ty,
Am1 Am2 ... Amnp Tp am1 Am 2 Amn
Sometimes, it is necessary to incoporate the bases (u1,...,u,) and (vy,...,vy) in the

notation for the matrix M (f) expressing f with respect to these bases. This turns out to be
a messy enterprise!

We propose the following course of action:

Definition 2.2. Write Y = (uq,...,u,) and V = (vy,...,v,,) for the bases of F and F', and
denote by My y(f) the matriz of f with respect to the bases U and V. Furthermore, write
xy for the coordinates M(z) = (x1,...,x,) of z € E w.r.t. the basis U and write yy for the
coordinates M(y) = (y1,...,Ym) of y € F w.r.t. the basis V . Then,

y = f(x)

is expressed in matrix form by
yv = Myy(f) 2y

When U =V, we abbreviate My v (f) as My(f).

The above notation seems reasonable, but it has the slight disadvantage that in the
expression My y(f)zy, the input argument x;, which is fed to the matrix My, ,(f) does not
appear next to the subscript U in M, (f). We could have used the notation My, (f), and
some people do that. But then, we find a bit confusing that V comes before i when f maps
from the space E with the basis U to the space F' with the basis V. So, we prefer to use the
notation My y(f).

Be aware that other authors such as Meyer [74] use the notation [f];y, and others such
as Dummit and Foote [38] use the notation MY (f), instead of My y(f). This gets worse!
You may find the notation MY(f) (as in Lang [62]), or y[f]y, or other strange notations.

Let us illustrate the representation of a linear map by a matrix in a concrete situation.
Let E be the vector space R[X]4 of polynomials of degree at most 4, let F' be the vector
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space R[X]; of polynomials of degree at most 3, and let the linear map be the derivative
map d: that is,

d(P+ Q) =dP +dQ
d(\P) = AP,
with A € R. We choose (1, z,2?% 23 2%) as a basis of F and (1,z,2% 23) as a basis of F.

Then, the 4 x 5 matrix D associated with d is obtained by expressing the derivative dz* of
each basis vector z¢ for i = 0,1,2, 3,4 over the basis (1, z, 2%, 2%). We find

)

I
cooo
oo o
co v o
o woo
s o oo

Then, if P denotes the polynomial
P =3z —52° + 2% — Tx + 5,

we have
dP =122 — 152% + 22 — 7,

the polynomial P is represented by the vector (5, —7,1,—5,3) and dP is represented by the
vector (—7,2,—15,12), and we have

01000 _57 —7
002o00[f"|_]2
00030 ~15 |
00004/ |7, 12

as expected! The kernel (nullspace) of d consists of the polynomials of degree 0, that is, the
constant polynomials. Therefore dim(Kerd) = 1, and from

dim(FE) = dim(Ker d) + dim(Im d)

(see Theorem 3.6), we get dim(Imd) = 4 (since dim(FE) = 5).

For fun, let us figure out the linear map from the vector space R[X |3 to the vector space
R[X]4 given by integration (finding the primitive, or anti-derivative) of z*, for i = 0,1, 2, 3).
The 5 x 4 matrix S representing | with respect to the same bases as before is

00 0 O
1 0 0 0
s=1o0 12 0o o
0 0 1/3 0
0 0 0 1/4
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We verify that DS = Iy,

010002088 1000

00200 0100
01/2 0 0 |= ,

00030 0010

00004/ (0 0 130 0001
0 0 0 1/4

as it should! The equation DS = I, show that S is injective and has D as a left inverse.
However, SD # I5, and instead

0 0 0 0 00 00O
1 0 0 0 8 (1) (2) 8 8 01 00O
0 1/2 0 0 00030l 001001,
0O 0 1/3 0 0000 4 000T1O0
0 0 0 1/4 00001

because constant polynomials (polynomials of degree 0) belong to the kernel of D.

The function that associates to a linear map f: F — F the matrix M (f) w.r.t. the bases
(u1,...,u,) and (vy,...,v,) has the property that matrix multiplication corresponds to
composition of linear maps. This allows us to transfer properties of linear maps to matrices.
Here is an illustration of this technique:

Proposition 2.1. (1) Given any matrices A € My, »(K), B € M, ,(K), and C € M,, ,(K),
we have

(AB)C = A(BC);
that s, matrix multiplication is associative.
(2) Given any matrices A, B € My, ,(K), and C,D € M,, ,(K), for all A € K, we have
(A+ B)C = AC + BC
A(C+ D)= AC+ AD
(AMA)C = \AC)
ANC) = AAC),

so that matriz multiplication -: My, ,,(K) x M, ,(K) = M, ,(K) is bilinear.
Proof. (1) Every m x n matrix A = (a;;) defines the function fq: K™ — K™ given by
fa(z) = Ax,

for all z € K™ Tt is immediately verified that f4 is linear and that the matrix M (fa)
representing f4 over the canonical bases in K" and K™ is equal to A. Then, formula (4)
proves that

M(fA © fB) = M(fA)M(fB) = AB,
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so we get
M((fao fB)o fc) = M(fao f)M(fc)= (AB)C
and

M(fao(fpo fo)) =M(fA)M(fzo fo) = A(BC),

and since composition of functions is associative, we have (fa o fg) o fo = fao (fso fo),
which implies that

(AB)C = A(BC).
(2) It is immediately verified that if fi, fo € Homg(E, F), A, B € M, ,(K), (u1,...,u,) is
any basis of E, and (vy,...,v,,) is any basis of F', then

M(fi+ f2) = M(f1) + M(f2)
fayp = fa+ fB.

Then we have

(A+ B)C = M(fars)M(fc)

faipo fo)

(fa+ fB)o fe))

(fao fo)+ (feo fc))
fao fo)+ M(fpo fc)

= M(fa)M(fc) + M(fs)M(fc)
= AC + BC.

S S

(
(
(
(
(

The equation A(C' + D) = AC + AD is proved in a similar fashion, and the last two
equations are easily verified. We could also have verified all the identities by making matrix
computations. ]

Note that Proposition 2.1 implies that the vector space M,,(K) of square matrices is a
(noncommutative) ring with unit 7. (It even shows that M, (K) is an associative algebra.)

The following proposition states the main properties of the mapping f — M (f) between
Hom(E, F) and M,, ,,. In short, it is an isomorphism of vector spaces.

Proposition 2.2. Given three vector spaces E, F, G, with respective bases (uy, ..., up),
(v1,...,v,), and (wy, ..., wy), the mapping M : Hom(E, F') — M,,, that associates the ma-
trix M(g) to a linear map g: E — F satisfies the following properties for all x € E, all
g, h: E—F,and all f: F — G-
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where M (x) is the column vector associated with the vector x and M (g(x)) is the column
vector associated with g(x), as explained in Definition 2.1.

Thus, M: Hom(E,F) — M,,, is an isomorphism of vector spaces, and when p = n
and the basis (v, ...,v,) is identical to the basis (uy,...,u,), M: Hom(E, E) — M, is an
isomorphism of rings.

Proof. That M(g(z)) = M(g)M(xz) was shown just before stating the proposition, using
identity (1). The identities M (g + h) = M(g) + M (h) and M (Ag) = AM(g) are straightfor-
ward, and M (fog) = M(f)M/(g) follows from (4) and the definition of matrix multiplication.
The mapping M : Hom(E, F) — M,,, is clearly injective, and since every matrix defines a
linear map (see Proposition 2.1), it is also surjective, and thus bijective. In view of the above
identities, it is an isomorphism (and similarly for M : Hom(FE, E) — M,,, where Proposition
2.1 is used to show that M,, is a ring). O

In view of Proposition 2.2, it seems preferable to represent vectors from a vector space
of finite dimension as column vectors rather than row vectors. Thus, from now on, we will
denote vectors of R™ (or more generally, of K™) as columm vectors.

2.2 Change of Basis Matrix

It is important to observe that the isomorphism M : Hom(E, F') — M,, ,, given by Proposition
2.2 depends on the choice of the bases (ui,...,u,) and (vy,...,v,), and similarly for the
isomorphism M : Hom(E, E) — M,,, which depends on the choice of the basis (u1, ..., u,).
Thus, it would be useful to know how a change of basis affects the representation of a linear
map f: E — F as a matrix. The following simple proposition is needed.

Proposition 2.3. Let E be a vector space, and let (uq,...,u,) be a basis of E. For every
family (vy,...,v,), let P = (a;;) be the matriz defined such that v; =" a;u;. The matriz
P is invertible iff (vq,...,v,) is a basis of E.

Proof. Note that we have P = M(f), the matrix associated with the unique linear map
f: E — E such that f(u;) = v;. By Proposition 1.13, f is bijective iff (vy,...,v,) is a basis
of . Furthermore, it is obvious that the identity matrix I, is the matrix associated with the
identity id: £ — E w.r.t. any basis. If f is an isomorphism, then fo f~' = f~'o f = id, and
by Proposition 2.2, we get M (f)M(f~') = M(f~Y)M(f) = I,, showing that P is invertible
and that M(f~1) = P71 O

Proposition 2.3 suggests the following definition.

Definition 2.3. Given a vector space E of dimension n, for any two bases (uq,...,u,) and
(v1,...,v,) of E, let P = (a;;) be the invertible matrix defined such that

n
vV = E Qi Ui,
i=1



70 CHAPTER 2. MATRICES AND LINEAR MAPS

which is also the matrix of the identity id: F — E with respect to the bases (vy,...,v,) and
(U, ..., up), in that order. Indeed, we express each id(v;) = v; over the basis (u1, ..., u,).
The coefficients aq;, asj, . .., a,; of v; over the basis (uq, ..., u,) form the jth column of the
matrix P shown below:

(%1 V2 ... Un
Uy Qi1 Q2 ... Qip
Uz | G21 Q22 ... d2p
Unp An1 Gp2 ... Gpp
The matrix P is called the change of basis matriz from (uy,...,u,) to (v1,...,0,).
Clearly, the change of basis matrix from (vy,...,v,) to (uy,...,u,) is P71, Since P =
(a; ;) is the matrix of the identity id: £ — E with respect to the bases (vy,...,v,) and
(ui,...,uy,), given any vector x € E, if x = xyu; + - - - + z,u, over the basis (uq, ..., u,) and
x = zivy + -+ + 2 v, over the basis (vy,...,v,), from Proposition 2.2, we have
X1 ayipr ... Qin Ill
= . )
T Ani ... Qnn x
showing that the old coordinates (x;) of x (over (uy,...,u,)) are expressed in terms of the
new coordinates (z}) of x (over (vy,...,v,)).

Now we face the painful task of assigning a “good” notation incorporating the bases
U= (u,...,u,) and ¥V = (vy,...,v,) into the notation for the change of basis matrix from
U to V. Because the change of basis matrix from U to V is the matrix of the identity map
idg with respect to the bases V and U in that order, we could denote it by My, (id) (Meyer
[74] uses the notation [I]y ;). We prefer to use an abbreviation for My, (id).

Definition 2.4. The change of basis matrix from U to V is denoted

PV,U'
Note that
Pyy = Py,
Then, if we write 2y = (x1,...,x,) for the old coordinates of x with respect to the basis U
and zy = (2],...,2) for the new coordinates of = with respect to the basis V, we have

-1
Ty = Pyﬁz/[ Ty, Ty = PV,U Ty -

The above may look backward, but remember that the matrix My ,(f) takes input
expressed over the basis U to output expressed over the basis V. Consequently, Py, takes
input expressed over the basis V to output expressed over the basis U, and xy = Pyy xy
matches this point of view!



2.2. CHANGE OF BASIS MATRIX 71

@ Beware that some authors (such as Artin [6]) define the change of basis matrix from U
toVas Fyy = Py, ! . Under this point of view, the old basis U is expressed in terms of
the new basis V. We find this a bit unnatural. Also, in practice, it seems that the new basis
is often expressed in terms of the old basis, rather than the other way around.

Since the matrix P = Py, expresses the new basis (vq,...,v,) in terms of the old basis
(u1, ..., u,), we observe that the coordinates (z;) of a vector = vary in the opposite direction
of the change of basis. For this reason, vectors are sometimes said to be contravariant.
However, this expression does not make sense! Indeed, a vector in an intrinsic quantity that
does not depend on a specific basis. What makes sense is that the coordinates of a vector
vary in a contravariant fashion.

Let us consider some concrete examples of change of bases.

Example 2.1. Let £ = F = R? with u; = (1,0), us = (0,1), v; = (1,1) and vy = (—1,1).
The change of basis matrix P from the basis U = (uy, uz) to the basis V = (v, vs) is

r=(i 1)

e (U 1)

The old coordinates (x1,x2) with respect to (uq,usz) are expressed in terms of the new
coordinates (z}, z}) with respect to (vq,vy) by

()=G ) (E)

and the new coordinates (2}, z),) with respect to (v, vy) are expressed in terms of the old
coordinates (x1, zy) with respect to (u1,us) by

w\ _ (12 1/2)\ (=
xh —1/2 1/2) \@xsy) "
Example 2.2. Let F = F = R[X]3; be the set of polynomials of degree at most 3,

and consider the bases U = (1,z,2% 2%) and V = (B3(x), Bi(z), Bi(z), B3(x)), where
Bi(z), Bj(x), B3(z), B3(z) are the Bernstein polynomials of degree 3, given by

Bi(r) = (1—x)° Bi(r) =3(1 —2)*x Bj(z) = 3(1 — x)a* B3(x) = 2°.

and its inverse is

By expanding the Bernstein polynomials, we find that the change of basis matrix Py is
given by

1 0 0 0
-3 3 0 0
Pou = 3 -6 3 0
-1 3 -3 1
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We also find that the inverse of Py is

1 0 0 0
pi_ |1 1/3 0 0
u=11 2/3 1/3 0

11 1 1

Therefore, the coordinates of the polynomial 22® — x + 1 over the basis V are

1 1 0 0 0\ /1

2/31 |1 13 0 of|-1

13 =1 23 173 0 0]
2 1 1 1 1) \2

and so

2 1
20—+ 1= Bila) + 2 Bl(x) + 3Bi(a) + 2B}(x).

Our next example is the Haar wavelets, a fundamental tool in signal processing.

2.3 Haar Basis Vectors and a Glimpse at Wavelets

We begin by considering Haar wavelets in R*. Wavelets play an important role in audio
and video signal processing, especially for compressing long signals into much smaller ones
than still retain enough information so that when they are played, we can’t see or hear any
difference.

Consider the four vectors wy, wo, w3, w4 given by

1 1 1 0
1 1 ~1 0
=y W2 =1 _4 Ws=1 9 Wa=14
1 ~1 0 ~1

Note that these vectors are pairwise orthogonal, so they are indeed linearly independent
(we will see this in a later chapter). Let W = {wy, ws, w3, wy} be the Haar basis, and let
U = {eq, eq,e3,€4} be the canonical basis of R*. The change of basis matrix W = Py, from
U to W is given by

1 1 1 0
1 1 -1 0
=11 10 1|
1 -1 0 -1
and we easily find that the inverse of W is given by

/4 0 0 0 1 1 1 1
e 0 1/4 0 0 1 1 -1 -1
0 0 1/2 0 1 -1 0 O
0 0 0 1/2 0 0 1 -1
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So, the vector v = (6,4, 5,1) over the basis & becomes ¢ = (¢, ¢a, ¢3, ¢4) over the Haar basis
W, with

¢l 14 0 0 0\ /1 1 1 1Y\ /6 4
ol [0 14 0 o1 1 -1 1|4 |2
s|=1o o 172 o1t -1 0 off5] |1
s o o o0 1/2/\0 0o 1 -1/ \1 2

Given a signal v = (vy, vg, V3, v4), we first transform v into its coefficients ¢ = (¢1, 3, €3, ¢4)
over the Haar basis by computing ¢ = W~tv. Observe that

V1 + Vo + U3 + Uy
C1 = 1

is the overall average value of the signal v. The coefficient ¢; corresponds to the background
of the image (or of the sound). Then, ¢, gives the coarse details of v, whereas, c3 gives the
details in the first part of v, and ¢4 gives the details in the second half of v.

Reconstruction of the signal consists in computing v = We. The trick for good compres-
sion is to throw away some of the coefficients of ¢ (set them to zero), obtaining a compressed
signal ¢, and still retain enough crucial information so that the reconstructed signal v = We
looks almost as good as the original signal v. Thus, the steps are:

inputv — coefficients ¢ = W™'v — compressed ¢ — compressed v = We.

This kind of compression scheme makes modern video conferencing possible.

It turns out that there is a faster way to find ¢ = W~1v, without actually using W1
This has to do with the multiscale nature of Haar wavelets.

Given the original signal v = (6,4, 5,1) shown in Figure 2.1, we compute averages and
half differences obtaining Figure 2.2.  We get the coefficients ¢35 = 1 and ¢4 = 2. Then,

6 4 5 1
]

Figure 2.1: The original signal v

again we compute averages and half differences obtaining Figure 2.3. We get the coefficients
c¢1 = 4 and c; = 1. Note that the original signal v can be reconstruced from the two signals
in Figure 2.2, and the signal on the left of Figure 2.2 can be reconstructed from the two
signals in Figure 2.3.
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2
1
5 5 l
3 3 ;_1
-2
Figure 2.2: First averages and first half differences
1 1
4 4 4 4
-1 -1

Figure 2.3: Second averages and second half differences

This method can be generalized to signals of any length 2". The previous case corresponds
to n = 2. Let us consider the case n = 3. The Haar basis (wy,ws, w3, wy, ws, we, wr, ws) is
given by the matrix

11 1 O 1 0O 0 O
11 1 O -1 O O O
11 -1 0 O 1 0 O
1 1 -1 0 0 -1 0 O
W= 1 -1 0 1 O 0 1 0
1 -1 0 1 O 0 -1 0
1 -1 0 -1 0 0 0 1
1 -1 0 -1 0 0 0 -1

The columns of this matrix are orthogonal, and it is easy to see that
W™ = diag(1/8,1/8,1/4,1/4,1/2,1/2,1/2,1/2)W .

A pattern is beginning to emerge. It looks like the second Haar basis vector wy is the
“mother” of all the other basis vectors, except the first, whose purpose is to perform aver-
aging. Indeed, in general, given

wy=(1,...,1,-1,...,-1),

N

-~

27’L

the other Haar basis vectors are obtained by a “scaling and shifting process.” Starting from
wy, the scaling process generates the vectors

W3, W5, Wy, ... ,Wj41,...,Won-147,
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such that wsj+1,1 is obtained from wy; 1 by forming two consecutive blocks of 1 and —1
of half the size of the blocks in ws; 1, and setting all other entries to zero. Observe that
was 41 has 27 blocks of 277 elements. The shifting process consists in shifting the blocks of
1 and —1 in wsy;,; to the right by inserting a block of (k — 1)2"7 zeros from the left, with
0<j<mn-—1and1<k<2/. Thus, we obtain the following formula for wa;_4:

0 1<i<(k—1)2"7

1 (k=127 4+1<i<(k—1)2"7 4 2r 771
—1 (k—1)277 4 2n I 11 <4 < k20

0 k27 +1<i<2,

Wai 4 (1) =

with0<j<n—1land1l<k<2/. Of course

wlz(l,...,l).
an

The above formulae look a little better if we change our indexing slightly by letting k& vary

from 0 to 2/ — 1, and using the index j instead of 27.

Definition 2.5. The vectors of the Haar basis of dimension 2™ are denoted by

0 71 1 12 12 12 12 J n—1
wl, ho,ho, h17 ho, hl’ hz’ hg, ey hk’ ey h

an—1_17
where '
0 1<i<k2nd
k2n7 41 < i < k2nd 4 nit
—1 k2rI 4 2n it 1 < < (k+1)2"
0 (k+1)2m7+1<4i<2",

with0<j<n-—1and 0 <k <2 —1. The 2" x 2" matrix whose columns are the vectors

0 1 1 2 2 2 2 J n—1
wi, B b by 2 W2 R B2 Bk

)y Mon—1_1>»
(in that order), is called the Haar matriz of dimension 2", and is denoted by W,,.

It turns out that there is a way to understand these formulae better if we interpret a
vector w = (u1, ..., Uy,) as a piecewise linear function over the interval [0, 1).

Definition 2.6. Given a vector u = (uy,...,uy,), the piecewise linear function plf(u) is

defined such that -
Z —

plf(u)(z) = w;, <z< L, 1<i<m.
m

In words, the function plf(u) has the value u; on the interval [0,1/m), the value us on
[1/m,2/m), etc., and the value w,, on the interval [(m — 1)/m, 1).
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~o o1 02 03 04 05 06 07 08 09

Figure 2.4: The piecewise linear function plf(u)

For example, the piecewise linear function associated with the vector
u=(24,2.2,2.15,2.05,6.8,2.8, —1.1,—1.3)

is shown in Figure 2.4. '
Then, each basis vector hj, corresponds to the function

Vi, = plE(hy).
In particular, for all n, the Haar basis vectors

h) =wy=(1,...,1,—1,...,—1)

J

-~

21’l

yield the same piecewise linear function ¢ given by

1 if 0<w<1/2
Plr)=¢ -1 if 1/2<z<1

0 otherwise,

whose graph is shown in Figure 2.5. Then, it is easy to see that wi is given by the simple
expression . A ’
Pp(r) =z —k), 0<j<n—-1,0<k<2—1

The above formula makes it clear that wi is obtained from 1 by scaling and shifting.

Definition 2.7. The function ¢ = plf (w) is the piecewise linear function with the constant
value 1 on [0,1), and the functions ¢7 = plf(h3) together with ¢§ are known as the Haar
wavelets.

Rather than using W~ to convert a vector u to a vector c of coefficients over the Haar
basis, and the matrix W to reconstruct the vector u from its Haar coefficients ¢, we can use
faster algorithms that use averaging and differencing.
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Figure 2.5: The Haar wavelet 1

If ¢ is a vector of Haar coefficients of dimension 2", we compute the sequence of vectors

ul ul, ..., u™ as follows:

u’ =c
Y
w20 — 1) = o (i) + ! (27 + 1)
W (24) = (i) — ul (27 +4),

for j=0,...,n—1and ¢ =1,...,2/. The reconstructed vector (signal) is u = u".
If u is a vector of dimension 2", we compute the sequence of vectors ¢*,¢" 1, ..., as
follows:
A" =u
Cj — CJ—H
@) = (T2 — 1) + d1(24))/2

) =(
A2 +1i) = (T2 — 1) — d(2i0))/2,

for j=n—1,...,0 and i = 1,...,27. The vector over the Haar basis is ¢ = c°.

We leave it as an exercise to implement the above programs in Matlab using two variables
u and ¢, and by building iteratively 27. Here is an example of the conversion of a vector to
its Haar coefficients for n = 3.

Given the sequence u = (31,29,23,17, —6, —8, —2, —4), we get the sequence

= (31,29,23,17, -6, -8, —2, —4)
= (30,20, -7,-3,1,3,1,1)
= (25,-5,5,-2,1,3,1,1)
= (10, 15, 5 ~2,1,3,1,1),
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so ¢ = (10,15,5,—2,1,3,1,1). Conversely, given ¢ = (10,15,5,—2,1,3,1,1), we get the
sequence

0 =(10,15,5,-2,1,3,1,1)

u = (

u' = (25,-5,5,-2,1,3,1,1)

u? = (30,20, -7,-3,1,3,1,1)

u® = (31,29,23,17, -6, —8, —2, —4),

which gives back u = (31,29,23,17, —6, —8, —2, —4).

There is another recursive method for constucting the Haar matrix W,, of dimension 2"
that makes it clearer why the columns of W,, are pairwise orthogonal, and why the above
algorithms are indeed correct (which nobody seems to prove!). If we split W, into two
2" x 2"~! matrices, then the second matrix containing the last 27! columns of W, has a
very simple structure: it consists of the vector

i

(1,-1,0,...,0)

27‘1

and 2"~! — 1 shifted copies of it, as illustrated below for n = 3:

10 0 O
-1 0 0 0
0O 1 0 O
0O -1 0 O
o o0 1 0
0O 0 -1 0
0O 0 0 1
o 0 0 -1

Observe that this matrix can be obtained from the identity matrix Io»—1, in our example

Iy

o O O
OO = O
o= O O
_ o O O

by forming the 2" x 2"~! matrix obtained by replacing each 1 by the column vector

()

and each zero by the column vector
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Now, the first half of W,,, that is the matrix consisting of the first 2"~! columns of W,,, can
be obtained from W,,_; by forming the 2" x 2"~! matrix obtained by replacing each 1 by the
column vector

each —1 by the column vector

and each zero by the column vector

For n = 3, the first half of W3 is the matrix

|
[E—
—_—_0 O O O

— = = = = e e

0
0
-1 0 -1
0
which is indeed obtained from

-1
-1 0
-1 0 -1

— O O

Wy =

— = = =
—_

using the process that we just described.

These matrix manipulations can be described conveniently using a product operation on
matrices known as the Kronecker product.

Definition 2.8. Given a m xn matrix A = (a;;) and a p x ¢ matrix B = (b;;), the Kronecker
product (or tensor product) A® B of A and B is the mp x ng matrix

apnB  apB - a,B
CLQlB a22B s (IgnB

amlB amgB amnB
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It can be shown that ® is associative and that

(A® B)(C ® D) = AC ® BD
(Ao B)' =A" @ BT,

whenever AC' and BD are well defined. Then, it is immediately verified that W,, is given by
the following neat recursive equations:

(e () o (1)
(3 -

B, 0
Bri1 =2 ( 0 12") ’

then it is not hard to obtain a rigorous proof of the equation

with Wy = (1). If we let

and for n > 1,

WJWn =B,, foralln>1.

The above equation offers a clean justification of the fact that the columns of W, are pairwise
orthogonal.

Observe that the right block (of size 2" x 2"~1) shows clearly how the detail coefficients
in the second half of the vector ¢ are added and subtracted to the entries in the first half of
the partially reconstructed vector after n — 1 steps.

An important and attractive feature of the Haar basis is that it provides a multiresolu-
tion analysis of a signal. Indeed, given a signal u, if ¢ = (¢q,...,con) is the vector of its
Haar coefficients, the coefficients with low index give coarse information about u, and the
coefficients with high index represent fine information. For example, if v is an audio signal
corresponding to a Mozart concerto played by an orchestra, ¢; corresponds to the “back-
ground noise,” ¢y to the bass, c3 to the first cello, ¢4 to the second cello, cs, cg, c7, c7 to the
violas, then the violins, etc. This multiresolution feature of wavelets can be exploited to
compress a signal, that is, to use fewer coefficients to represent it. Here is an example.

Consider the signal
u=(2.4,2.2,2.15,2.05,6.8,2.8, —1.1, —1.3),

whose Haar transform is
c=(2,0.2,0.1,3,0.1,0.05, 2,0.1).
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The piecewise-linear curves corresponding to u and ¢ are shown in Figure 2.6. Since some of
the coefficients in ¢ are small (smaller than or equal to 0.2) we can compress ¢ by replacing
them by 0. We get

2 =(2,0,0,3,0,0,2,0),

and the reconstructed signal is
up = (2,2,2,2,7,3,—1,—1).

The piecewise-linear curves corresponding to us and ¢y are shown in Figure 2.7.

25F

Figure 2.6: A signal and its Haar transform

= L L L L L L L L L
0 0.1 02 03 04 05 06 07 08 0.9 1

Figure 2.7: A compressed signal and its compressed Haar transform

An interesting (and amusing) application of the Haar wavelets is to the compression of
audio signals. It turns out that if your type load handel in Matlab an audio file will be
loaded in a vector denoted by y, and if you type sound(y), the computer will play this
piece of music. You can convert y to its vector of Haar coefficients ¢. The length of y is
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Figure 2.8: The signal “handel” and its Haar transform

73113, so first tuncate the tail of y to get a vector of length 65536 = 2'¢. A plot of the
signals corresponding to y and c is shown in Figure 2.8. Then, run a program that sets all
coefficients of ¢ whose absolute value is less that 0.05 to zero. This sets 37272 coefficients
to 0. The resulting vector ¢y is converted to a signal y5. A plot of the signals corresponding
to yo and ¢ is shown in Figure 2.9. When you type sound(y2), you find that the music

-1 L L L L I L _08

Figure 2.9: The compressed signal “handel” and its Haar transform

doesn’t differ much from the original, although it sounds less crisp. You should play with
other numbers greater than or less than 0.05. You should hear what happens when you type
sound(c). It plays the music corresponding to the Haar transform ¢ of y, and it is quite
funny.

Another neat property of the Haar transform is that it can be instantly generalized to
matrices (even rectangular) without any extra effort! This allows for the compression of
digital images. But first, we address the issue of normalization of the Haar coefficients. As
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we observed earlier, the 2" x 2" matrix W,, of Haar basis vectors has orthogonal columns,
but its columns do not have unit length. As a consequence, W, is not the inverse of W,
but rather the matrix

w-t=D,W'

n

with D, = diag (2*", 91 9=(n=1) 9=(n=1) 9=(n=2)  o=(n=2) 9=l o=l )
20 21 92 gn-1

Definition 2.9. The orthogonal matrix
1
H,=W,D;

whose columns are the normalized Haar basis vectors, with

1 . _n n _n=l o n-l _ n=2 _n=2 _1 _1
D =diag(272,272,27 2 272 272 ... 272 ... 272 .. 272
" v / N /

20 M 2 on—1

is called the normalized Haar transform matriz. Given a vector (signal) u, we call ¢ = HnT U
the normalized Haar coefficients of w.
Because H,, is orthogonal, H,;! = H.
Then, a moment of reflexion shows that we have to slightly modify the algorithms to
compute Hu and H,c as follows: When computing the sequence of u’s, use
W20 —1) = (W (i) + (2 +1)/V2
w T (26) = (W (i) — o/ (27 +14)) V2,

and when computing the sequence of ¢’s, use

Al = (M2 — 1) + dH(20)) V2
(2 +i) = (N2 — 1) — TH20)) V2.

Note that things are now more symmetric, at the expense of a division by v/2. However, for
long vectors, it turns out that these algorithms are numerically more stable.

Remark: Some authors (for example, Stollnitz, Derose and Salesin [100]) rescale ¢ by 1/y/2"
and w by v/2". This is because the norm of the basis functions 1/; is not equal to 1 (under

the inner product (f, g) = fol f(t)g(t)dt). The normalized basis functions are the functions
V2.
Let us now explain the 2D version of the Haar transform. We describe the version using

the matrix W,, the method using H,, being identical (except that H ' = H but this does
not hold for W 1). Given a 2™ x 2" matrix A, we can first convert the rows of A to their
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Haar coefficients using the Haar transform W, !, obtaining a matrix B, and then convert the
columns of B to their Haar coefficients, using the matrix W,!. Because columns and rows
are exchanged in the first step,

and in the second step C' = W1 B, thus, we have
C=w 1AW " =D, W] AW, D,.

In the other direction, given a matrix C' of Haar coefficients, we reconstruct the matrix A
(the image) by first applying W,, to the columns of C, obtaining B, and then W,' to the
rows of B. Therefore

A=W,CW].

Of course, we dont actually have to invert W,, and W,, and perform matrix multiplications.
We just have to use our algorithms using averaging and differencing. Here is an example.

If the data matrix (the image) is the 8 x 8 matrix

64 2 3 61 60 6 7 57

9 55 54 12 13 51 50 16
17 47 46 20 21 43 42 24
40 26 27 37 36 30 31 33
32 34 35 29 28 38 39 25|’
41 23 22 44 45 19 18 48
49 15 14 52 53 11 10 56
8 58 59 5 4 62 63 1

then applying our algorithms, we find that

325 0 0 0 0 0 0 0

0O 0 O 0 0 0 0 0

0 0 O 0 4 -4 4 -4

- 0O 0 O 0 4 -4 4 -4
0 0 05 05 27 =25 23 =21

o 0 -05 =05 —-11 9 -7 5

o 0 05 05 =5 7 =9 11
0o 0 -05 -05 21 -23 25 27

As we can see, C' has more zero entries than A; it is a compressed version of A. We can
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further compress C' by setting to 0 all entries of absolute value at most 0.5. Then, we get

325 0 0 0 O 0O 0 0

0 000 O 0 0 0
0 000 4 —4 4 —4
|0 000 4 -4 4
21 0o 000 27 —-25 23 —21
0 000 —-11 9 -7 5

0 000 -5 7 -9 11
0 000 21 —-23 25 —27

We find that the reconstructed image is

63.5 1.5 3.5 615 595 55 7.5 575
9.5 55.5 53.5 11.5 13.5 51.5 49.5 15.5
175 475 455 19.5 21.5 43,5 415 23.5
39.5 255 275 375 355 29.5 315 335
31.5 33.5 35,5 295 27.5 375 39.5 255 |’
41.5 235 21.5 435 455 19.5 17.5 475
49.5 155 13,5 51.5 535 11.5 9.5 555
7.5 575 595 55 3.5 615 635 1.5

Ay

which is pretty close to the original image matrix A.

It turns out that Matlab has a wonderful command, image (X) (also imagesc(X), which
often does a better job), which displays the matrix X has an image in which each entry
is shown as a little square whose gray level is proportional to the numerical value of that
entry (lighter if the value is higher, darker if the value is closer to zero; negative values are
treated as zero). The images corresponding to A and C' are shown in Figure 2.10. The

Figure 2.10: An image and its Haar transform

compressed images corresponding to As and Cy are shown in Figure 2.11. The compressed
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Figure 2.11: Compressed image and its Haar transform

versions appear to be indistinguishable from the originals!

If we use the normalized matrices H,, and H,, then the equations relating the image
matrix A and its normalized Haar transform C are

C=H!AH,
A=H,CH.

The Haar transform can also be used to send large images progressively over the internet.
Indeed, we can start sending the Haar coefficients of the matrix C' starting from the coarsest
coefficients (the first column from top down, then the second column, etc.), and at the
receiving end we can start reconstructing the image as soon as we have received enough
data.

Observe that instead of performing all rounds of averaging and differencing on each row
and each column, we can perform partial encoding (and decoding). For example, we can
perform a single round of averaging and differencing for each row and each column. The
result is an image consisting of four subimages, where the top left quarter is a coarser version
of the original, and the rest (consisting of three pieces) contain the finest detail coefficients.
We can also perform two rounds of averaging and differencing, or three rounds, etc. The
second round of averaging and differencing is applied to the top left quarter of the image.
Generally, the kth round is applied to the 2mT1=% x 27+1=F submatrix consisting of the first
2m 1=k rows and the first 2"717% columns (1 < k < n) of the matrix obtained at the end of
the previous round. This process is illustrated on the image shown in Figure 2.12. The result
of performing one round, two rounds, three rounds, and nine rounds of averaging is shown in
Figure 2.13. Since our images have size 512 x 512, nine rounds of averaging yields the Haar
transform, displayed as the image on the bottom right. The original image has completely
disappeared! We leave it as a fun exercise to modify the algorithms involving averaging and
differencing to perform £ rounds of averaging/differencing. The reconstruction algorithm is
a little tricky.
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l .‘.:5"4?_; -~
350 400 450

Figure 2.12: Original drawing by Durer

A nice and easily accessible account of wavelets and their uses in image processing and
computer graphics can be found in Stollnitz, Derose and Salesin [100]. A very detailed
account is given in Strang and and Nguyen [103], but this book assumes a fair amount of
background in signal processing.

We can find easily a basis of 2" x 2™ = 22" vectors w;; (2" x 2" matrices) for the linear
map that reconstructs an image from its Haar coefficients, in the sense that for any matrix
C of Haar coefficients, the image matrix A is given by

2m  2n

A= Z Z Cij Wiy .

i=1 j=1
Indeed, the matrix w;; is given by the so-called outer product
wij = w;(w;)".
Similarly, there is a basis of 2" x 2" = 22" vectors h;; (2" x 2" matrices) for the 2D Haar
transform, in the sense that for any matrix A, its matrix C' of Haar coefficients is given by
on on

C = Z Z aijhij.

i=1 j=1
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Figure 2.13: Haar tranforms after one, two, three, and nine rounds of averaging



24. THE EFFECT OF A CHANGE OF BASES ON MATRICES 89

If the columns of W1 are wi, ..., wh., then

We leave it as exercise to compute the bases (w;;) and (h;;) for n = 2, and to display the
corresponding images using the command imagesc.

2.4 The Effect of a Change of Bases on Matrices

The effect of a change of bases on the representation of a linear map is described in the
following proposition.

Proposition 2.4. Let E and F be vector spaces, let U = (uy,...,u,) and U = (uf, ..., u))

r

be two bases of E, and let V = (vy,...,vy) and V' = (v],...,v)) be two bases of F. Let
P = By be the change of basis matriz from U to U', and let () = Py be the change of
basis matrixz from V toV'. For any linear map f: E — F, let M(f) = My v(f) be the matriz
associated to f w.r.t. the basesU and V, and let M'(f) = My (f) be the matriz associated

to f w.r.t. the bases U and V'. We have
M'(f) = Q™" M(f)P,
or more explicitly
My v (f) = Pv_/,lyMu,v(f)Pu',u = Puy My (f)Puu-

Proof. Since f: E — F can be written as f = idg o f oidg, since P is the matrix of idg
w.r.t. the bases (u},...,u,) and (uy,...,u,), and Q' is the matrix of idp w.r.t. the bases

»on

(v1,...,vm) and (v}, ..., v ), by Proposition 2.2, we have M'(f) = Q ' M (f)P. ]

As a corollary, we get the following result.
Corollary 2.5. Let E be a vector space, and let U = (uq, ..., u,) and U = (u}, ..., u,) be
two bases of E. Let P = Py be the change of basis matriz from U to U'. For any linear
map f: E — E, let M(f) = My(f) be the matriz associated to f w.r.t. the basis U, and let
M'(f) = My (f) be the matriz associated to f w.r.t. the basisU'. We have
M'(f) = P~"M(f)P,

or more explicitly,

My (f) = Py Mu(f) Pt = P My (f) P s
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Example 2.3. Let E = R? U = (e, e3) where e; = (1,0) and e; = (0,1) are the canonical
basis vectors, let V = (vy,v9) = (€1,€1 — €3), and let

()

The change of basis matrix P = Py, from U to V is
1 1
P=(b 4):

pPl=p

and we check that

Therefore, in the basis V), the matrix representing the linear map f defined by A is

S 1 o1\ (2 1\ /1 1\ (2 0\
A=p AP_PAP_<O _1) (0 1) (0 _1>_(0 1)_17,

a diagonal matrix. In the basis V, it is clear what the action of f is: it is a stretch by a
factor of 2 in the v; direction and it is the identity in the vy direction. Observe that v; and
v are not orthogonal.

What happened is that we diagonalized the matrix A. The diagonal entries 2 and 1 are
the eigenvalues of A (and f), and v; and v, are corresponding eigenvectors. We will come
back to eigenvalues and eigenvectors later on.

The above example showed that the same linear map can be represented by different
matrices. This suggests making the following definition:

Definition 2.10. Two n X n matrices A and B are said to be similar iff there is some
invertible matrix P such that

B =P 'AP.

It is easily checked that similarity is an equivalence relation. From our previous consid-
erations, two n X n matrices A and B are similar iff they represent the same linear map with
respect to two different bases. The following surprising fact can be shown: Every square
matrix A is similar to its transpose A". The proof requires advanced concepts (the Jordan
form, or similarity invariants).

U = (u,...,u,) and V = (vy,...,v,) are two bases of E, the change of basis matrix
aix G2 - Qin
Qg1 Qg2 -+ QA2
P=Py= . !

Qp1 Ap2 - Qnp
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from (uy,...,u,) to (v1,...,v,) is the matrix whose jth column consists of the coordinates
of v; over the basis (u1, ..., u,), which means that

n
V; = E QUi
=1

0
It is natural to extend the matrix notation and to express the vector | : | in E™ as the
Un,
Uy
product of a matrix times the vector | : | in E", namely as
U,
0 apn @1 -t Qpl Uy
2 | | Q12 G2 vt G2 U2
Un, A1p Q2n - QApp Un,
but notice that the matrix involved is not P, but its transpose P'.
This observation has the following consequence: if U = (uq,...,u,) and V = (vy,...,v,)
are two bases of F and if
U1 Uy
=4l :1,
Un un

that is,

for any vector w € F, if

then

and so
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It is easy to see that (AT)™! = (A™H)T. Also, if U = (uy,...,u,), V = (v1,...,v,), and
W = (wy,...,w,) are three bases of E, and if the change of basis matrix from U to V is
P = Py, and the change of basis matrix from V to W is Q = Py, then

U1 Uy w1 (%1
T . . T .
=P : 5 : = Q : s

(%% Unp Wn, Un,
wq Uy Uy
TpT . T .

= Q P : = (PQ) : )

Wp, Uy Up

which means that the change of basis matrix Py from U to W is P(Q). This proves that
Pyu=PoyPyy.

Even though matrices are indispensable since they are the major tool in applications of
linear algebra, one should not lose track of the fact that

linear maps are more fundamental, because they are intrinsic
objects that do not depend on the choice of bases.
Consequently, we aduvise the reader to try to think in terms of
linear maps rather than reduce everthing to matrices.

In our experience, this is particularly effective when it comes to proving results about
linear maps and matrices, where proofs involving linear maps are often more “conceptual.”
These proofs are usually more general because they do not depend on the fact that the
dimension is finite. Also, instead of thinking of a matrix decomposition as a purely algebraic
operation, it is often illuminating to view it as a geometric decomposition. This is the case of
the SVD, which in geometric term says that every linear map can be factored as a rotation,
followed by a rescaling along orthogonal axes, and then another rotation.

After all, a
a matrix 1s a representation of a linear map

and most decompositions of a matrix reflect the fact that with a suitable choice of a basis
(or bases), the linear map is a represented by a matrix having a special shape. The problem
is then to find such bases.

Still, for the beginner, matrices have a certain irresistible appeal, and we confess that
it takes a certain amount of practice to reach the point where it becomes more natural to
deal with linear maps. We still recommend it! For example, try to translate a result stated
in terms of matrices into a result stated in terms of linear maps. Whenever we tried this
exercise, we learned something.

Also, always try to keep in mind that
linear maps are geometric in nature; they act on space.
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2.5 Summary

The main concepts and results of this chapter are listed below:
e The representation of linear maps by matrices.
e The vector space of linear maps Homg (E, F').

e The matriz representation mapping M: Hom(E, F) — M,,, and the representation
isomorphism (Proposition 2.2).

e Haar basis vectors and a glimpse at Haar wavelets.
e Kronecker product (or tensor product) of matrices.

e Change of basis matriz and Proposition 2.4.
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Chapter 3

Direct Sums, Affine Maps

3.1 Direct Products

There are some useful ways of forming new vector spaces from older ones.

Definition 3.1. Given p > 2 vector spaces £, ..., I, the product F' = E; x --- x E,, can
be made into a vector space by defining addition and scalar multiplication as follows:

(ur, .. up) + (v1,...,0p) = (ug +v1, ..., up + V)

Aug, .. up) = (Aug, ...y Auy),

for all u;,v; € E; and all A € R. The zero vector of E; x --- x E, is the p-tuple

where the ith zero is the zero vector of E;.

With the above addition and multiplication, the vector space F' = F; x - -- X E, is called
the direct product of the vector spaces Fi, ..., E,.

As a special case, when Fy = --- = E, = R, we find again the vector space F' = RP. The
projection maps pri: By x --- x E, — E; given by

pri(uy, ..., up) = uy
are clearly linear. Similarly, the maps in;: F; — E; X --- X E, given by
IHZ(UZ) = (O,...,O,ui,O,...,O)

95
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are injective and linear. If dim(E;) = n,; and if (e, ... €}, ) is a basis of E; fori =1,...,p,
then it is easy to see that the n; + --- 4 n, vectors

(e1,0,...,0), e (e}H,O,...,O),
(0,....0,€,0,...,0), ..., (0,....0,€i 0,...0),
(0,...,0,€), o (0,...,0,¢p )

form a basis of £} x --- x E,, and so

dim(Ey X -+ x E,) = dim(Ey) + - - - + dim(E),).

3.2 Sums and Direct Sums
Let us now consider a vector space E and p subspaces Uy, ..., U, of E. We have a map

a: Uy x---xU, = FE

given by
a(uy, ... up) =up + -+ up,
with u; € U; for 1 = 1,...,p. It is clear that this map is linear, and so its image is a subspace
of £ denoted by
Uy+---+0,

and called the sum of the subspaces Uy, ..., U,. By definition,
U4+ Uy ={ur+-+uy, | u; € U, 1 <i < pj,

and it is immediately verified that U; + --- + U, is the smallest subspace of E containing
Ui,...,U,. This also implies that U; + - - - + U, does not depend on the order of the factors
U;; in particular,

U+ U =U; + Us.
If the map a is injective, then by Proposition 1.12 we have Kera = {(0,...,0)} where
——

P
each 0 is the zero vector of E, which means that if u; € U; for e =1,...,p and if
u1_|_...+up:()7

then (uq,...,u,) = (0,...,0), that is, uy = 0,...,u, = 0. In this case, every u € Uy +---+U,
has a unique expression as a sum

U=Up+ -+ Up,
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with u; € U;, for i = 1,...,p. Indeed, if
U= 4 vy =wy e+ wy,
with v;, w; € U;, for i = 1,...,p, then we have
wy — v+ w, — v, =0,

and since v;, w; € U; and each U; is a subspace, w; —v; € U;. The injectivity of a implies that
w; —v; = 0, that is, w; = v; for i =1, ..., p, which shows the uniqueness of the decomposition
of u.

It is also clear that any p nonzero vectors uy, . .., u, with u; € U; are linearly independent.
To see this, assume that

Aty 4 -+ + Aty = 0

for some A\; € R. Since u; € U; and U; is a subspace, \;u; € U;, and the injectivity of a
implies that \;u; = 0, for + = 1,...,p. Since u; # 0, we must have \;, =0 for i = 1,... p;
that is, uq,...,u, with u; € U; and u; # 0 are linearly independent.

Observe that if a is injective, then we must have U; NU; = (0) whenever i # j. However,
this condition is generally not sufficient if p > 3. For example, if £ = R? and U, the line
spanned by e; = (1,0), Us is the line spanned by d = (1,1), and Us is the line spanned by
€y = (0, 1), then UlﬂUg == Ulng == UQﬂU?, == {(0,0)}, but U1+U2 == U1+U3 == U2+U3 == RQ,

so Uy + Us + Us is not a direct sum. For example, d is expressed in two different ways as
d=(1,1) = (1,0) + (0,1) = ey + ea.

Definition 3.2. For any vector space £ and any p > 2 subspaces Uy, ..., U, of E, if the
map a defined above is injective, then the sum Uy + --- 4 U, is called a direct sum and it is
denoted by

U@ @Up.
The space F is the direct sum of the subspaces U; if

E=U,&--&U,

As in the case of a sum, Uy ® Uy = Uy @ U;. Observe that when the map a is injective,
then it is a linear isomorphism between U; x --- x U, and U; @ --- @ U,. The difference is
that Uy x --- x U, is defined even if the spaces U; are not assumed to be subspaces of some
common space.

If Fis a direct sum £ = U, @ - - @ U, since any p nonzero vectors uy, ..., u, with u; € U;
are linearly independent, if we pick a basis (u)rer; in U; for j = 1,...,p, then (u;)ser with
I'=1,U---Ul, is a basis of E. Intuitively, E is split into p independent subspaces.
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Conversely, given a basis (u;);e; of E, if we partition the index set [ as I = [ U---U I,
then each subfamily (ux)rer; spans some subspace U; of E, and it is immediately verified
that we have a direct sum

E=U & - oU,.

Let f: E — E be a linear map. If f(U;) C U; we say that U, is invariant under f.
Assume that E is finite-dimensional, a direct sum £ = U; @ --- @ U, and that each U; is
invariant under f. If we pick a basis (u;);e;r as above with [/ = I; U --- U I, and with each
(ug)rer; a basis of Uy, since each Uj is invariant under f, the image f(uy) of every basis
vector uy, with k € I; belongs to Uj;, so the matrix A representing f over the basis (u;);es is
a block diagonal matrix of the form

Ay
Ay

A

P

with each block A; a d; x d;-matrix with d; = dim(U;) and all other entries equal to 0. If
d; =1for j =1,...,p, the matrix A is a diagonal matrix.

There are natural injections from each U; to E denoted by in;: U; — FE.

Now, if p = 2, it is easy to determine the kernel of the map a: U; x Uy — E. We have
a(ul,u2) =u+u =0 iff w = —Ug, Ul € Ul,UQ < UQ,

which implies that
Kera = {(u, —u) | v € Uy N Us}.

Now, U; N U is a subspace of E and the linear map u +— (u, —u) is clearly an isomorphism
between U; N U, and Ker a, so Ker a is isomorphic to Uy N Us. As a consequence, we get the
following result:

Proposition 3.1. Given any vector space E and any two subspaces Uy and Us, the sum
Uy + Us is a direct sum iff Uy N Uy = (0).

An interesting illustration of the notion of direct sum is the decomposition of a square
matrix into its symmetric part and its skew-symmetric part. Recall that an n x n matrix
A€M, is symmetric if AT = A, skew -symmetric if AT = —A. It is clear that

S(”):{AEMn\AT:A} and Skew(n):{AeMn|AT:_A}

are subspaces of M,,, and that S(n) N Skew(n) = (0). Observe that for any matrix A € M,,,
the matrix H(A) = (A+ A")/2 is symmetric and the matrix S(A) = (A — AT)/2 is skew-
symmetric. Since
A+ AT  A-AT
A=H(A)+ S(A) = 5 t—5
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we see that M,, = S(n) 4+ Skew(n), and since S(n) N Skew(n) = (0), we have the direct sum
M,, = S(n) & Skew(n).

Remark: The vector space Skew(n) of skew-symmetric matrices is also denoted by so(n).
It is the Lie algebra of the group SO(n).

Proposition 3.1 can be generalized to any p > 2 subspaces at the expense of notation.
The proof of the following proposition is left as an exercise.

Proposition 3.2. Given any vector space E and any p > 2 subspaces Uy, ..., Uy, the fol-
lowing properties are equivalent:

(1) The sum Uy + - -- 4+ U, is a direct sum.

(2) We have

(3) We have

i—1
Uzﬂ<ZUJ):(O), 122,,]9
j=1

Because of the isomorphism
U1 Xoeee XUP%Ul@"'@Up,
we have

Proposition 3.3. If E is any vector space, for any (finite-dimensional) subspaces Uy, . . .,
U, of E, we have
dim(U, & - -- ® U,) = dim(Uy) + - - - + dim(U,).

If F is a direct sum

since every u € E can be written in a unique way as
U=1u + -+ U
with w; € U; for i = 1...,p, we can define the maps m;: £ — U,, called projections, by

ﬂ'l(U) = 7rl-(u1 + -+ Up) = Uj.



100 CHAPTER 3. DIRECT SUMS, AFFINE MAPS

It is easy to check that these maps are linear and satisfy the following properties:
T 0T = e .
0 ife#j,
7T1—|—"'+7Tp:idE.
For example, in the case of the direct sum
M,, = S(n) ® Skew(n),

the projection onto S(n) is given by

m(d) = H() = 2T
and the projection onto Skew(n) is given by
m(d) = S(4) = 224
Clearly, H(A)+S(A) = A, H(H(A)) = H(A), S(S(A)) = S(A),and H(S(A)) = S(H(A)) =

0.

A function f such that f o f = f is said to be idempotent. Thus, the projections m; are
idempotent. Conversely, the following proposition can be shown:

Proposition 3.4. Let E be a vector space. For any p > 2 linear maps f;: £ — FE, if
fi ifi=]
fiofi= e
0 ifi#j,
fit 4 [ =1dg,
then if we let U; = fi(F), we have a direct sum

E=U,&--&U,

We also have the following proposition characterizing idempotent linear maps whose proof
is also left as an exercise.

Proposition 3.5. For every vector space E, if f: E — E 1is an idempotent linear map, i.e.,
fof=f, then we have a direct sum

E =Ker f & Imf,

so that f is the projection onto its image Im f.

We are now ready to prove a very crucial result relating the rank and the dimension of
the kernel of a linear map.
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3.3 The Rank-Nullity Theorem; Grassmann’s Relation

We begin with the following theorem which shows that given a linear map f: F — F, its
domain F is the direct sum of its kernel Ker f with some isomorphic copy of its image Im f.

Theorem 3.6. (Rank-nullity theorem) Let f: E — F be a linear map. For any choice of
a basis (f1,...,fr) of Im f, let (uq,...,u,) be any vectors in E such that f; = f(u;), for
i=1,...,r. If s: Im f — E is the unique linear map defined by s(f;) = w;, fori=1,...,r,
then s is injective, f o s =1id, and we have a direct sum

E=Kerf®Ims
as tllustrated by the following diagram:

/
Kerf—— EF=Ker f®Ims Imf CF

-
S
See Figure 3.1. As a consequence,

dim(F) = dim(Ker f) 4+ dim(Im f) = dim(Ker f) + rk(f).

s (f(u)) = (1,1,2)

o) = ooy

(x,y,2) = (x,y)

=11
\ f,= f(uy) = (0, 1) 10 R
% N

>
’ f,=f(u) = (1,0)

s(x,y) = (X,y,x+y)

Figure 3.1: Let f: E — F be the linear map from R? to R? given by f(z,y,2) = (z,v).
Then s: R? — R3 is given by s(z,y) = (z,y,7 + y) and maps the pink R? isomorphically
onto the slanted pink plane of R? whose equation is —z — y + z = 0. Theorem 3.6 shows
that R3 is the direct sum of the plane —x — y + z = 0 and the kernel of f which the orange
z-axis.

Proof. The vectors uq, ..., u, must be linearly independent since otherwise we would have a
nontrivial linear dependence
)\1U1+"'+)\rur20,
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and by applying f, we would get the nontrivial linear dependence
0:)‘1f<u1)++)\rf(ur) =Mfi+ NS

contradicting the fact that (f1,..., f.) is a basis. Therefore, the unique linear map s given by
s(f;) = uy, fori =1,... r, is a linear isomorphism between Im f and its image, the subspace
spanned by (ug,...,u,). It is also clear by definition that f o s =1id. For any u € E, let

h=u—(sof)(u).
Since f o s = id, we have
f(h) = flu—(sof)(u) = f(u) = (foso f)(u) = f(u) = (ido f)(u) = f(u) = f(u) =0,
which shows that i € Ker f. Since h = u — (s o f)(u), it follows that
u=h+s(f(u),
with h € Ker f and s(f(u)) € Im s, which proves that
E =Ker f + Ims.

Now, if u € Ker f NIm s, then u = s(v) for some v € F' and f(u) = 0 since u € Ker f. Since
u=s(v) and fos=id, we get

and so u = s(v) = s(0) = 0. Thus, Ker f N Ims = (0), which proves that we have a direct
sum
E =Ker f & Ims.

The equation
dim(F) = dim(Ker f) + dim(Im f) = dim(Ker f) + rk(f)

is an immediate consequence of the fact that the dimension is an additive property for
direct sums, that by definition the rank of f is the dimension of the image of f, and that
dim(Im s) = dim(Im f), because s is an isomorphism between Im f and Im s. ]

Remark: The dimension dim(Ker f) of the kernel of a linear map f is often called the
nullity of f.

We now derive some important results using Theorem 3.6.
Proposition 3.7. Given a vector space E, if U and V' are any two subspaces of E, then
dim(U) + dim(V) = dim(U 4+ V) + dim(U NV),

an equation known as Grassmann’s relation.
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Proof. Recall that U + V' is the image of the linear map
a:UxV = FE
given by
a(u,v) =u+wv,

and that we proved earlier that the kernel Kera of a is isomorphic to U N'V. By Theorem
3.6,
dim(U x V) = dim(Ker a) + dim(Ima),

but dim(U x V) = dim(U) + dim(V), dim(Kera) = dim(U NV), and Ima = U + V, so the

Grassmann relation holds. O

The Grassmann relation can be very useful to figure out whether two subspace have a
nontrivial intersection in spaces of dimension > 3. For example, it is easy to see that in R?,
there are subspaces U and V' with dim(U) = 3 and dim(V') = 2 such that U NV = (0); for
example, let U be generated by the vectors (1,0,0,0,0), (0,1,0,0,0), (0,0,1,0,0), and V be
generated by the vectors (0,0,0,1,0) and (0,0,0,0,1). However, we claim that if dim(U) = 3
and dim (V') = 3, then dim(U N'V) > 1. Indeed, by the Grassmann relation, we have

dim(U) + dim(V) = dim(U + V) + dim(U N'V),
namely
3+3=6=dimU+V)+dim(UNV),
and since U + V is a subspace of R?, dim(U + V') < 5, which implies

6 <5+ dim(UNV),
that is 1 < dim(U NV).

As another consequence of Proposition 3.7, if U and V are two hyperplanes in a vector
space of dimension n, so that dim(U) = n — 1 and dim(V') = n — 1, the reader should show
that

dim(UNV)>n—2,

and so, if U #£ V, then
dim(UNV)=n-—2.

Here is a characterization of direct sums that follows directly from Theorem 3.6.

Proposition 3.8. If Ui,...,U, are any subspaces of a finite dimensional vector space E,
then
dim(U; +--- 4+ U,) < dim(Uy) + - - - + dim(U,),

and

dim(U; + - -- 4+ U,) = dim(U;) + - - - + dim(U,)
iff the U;s form a direct sum Uy @ --- @ U,,.
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Proof. 1f we apply Theorem 3.6 to the linear map
a:Uy x - xU,=U +---+U,
given by a(uq,...,u,) =uy + - - + u,, we get

dim(U; + - - 4+ U,) = dim(U; X -+ x U,) — dim(Ker a)
=dim(U;) + - - - + dim(U,) — dim(Ker a),

so the inequality follows. Since a is injective iff Kera = (0), the U;s form a direct sum iff
the second equation holds. O

Another important corollary of Theorem 3.6 is the following result:

Proposition 3.9. Let E and F' be two vector spaces with the same finite dimension dim(E) =
dim(F) = n. For every linear map f: E — F, the following properties are equivalent:

(a) f is bijective.
(b) f is surjective.
(c) f is injective.
() Ker f = (0).
Proof. Obviously, (a) implies (b).
If f is surjective, then Im f = F', and so dim(Im f) = n. By Theorem 3.6,
dim(F) = dim(Ker f) + dim(Im f),

and since dim(F) = n and dim(Im f) = n, we get dim(Ker f) = 0, which means that
Ker f = (0), and so f is injective (see Proposition 1.12). This proves that (b) implies (c).
If f is injective, then by Proposition 1.12, Ker f = (0), so (c¢) implies (d).

Finally, assume that Ker f = (0), so that dim(Ker f) = 0 and f is injective (by Proposi-
tion 1.12). By Theorem 3.6,

dim(FE) = dim(Ker f) + dim(Im f),
and since dim(Ker f) = 0, we get
dim(Im f) = dim(F) = dim(F),

which proves that f is also surjective, and thus bijective. This proves that (d) implies (a)
and concludes the proof. O
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One should be warned that Proposition 3.9 fails in infinite dimension.

Here are a few applications of Proposition 3.9. Let A be an n x n matrix and assume
that A some right inverse B, which means that B is an n X n matrix such that

AB=1.

The linear map associated with A is surjective, since for every u € R", we have A(Bu) = u.
By Proposition 3.9, this map is bijective so B is actually the inverse of A; in particular
BA=1.

Similarly, assume that A has a left inverse B, so that
BA=1.

This time, the linear map associated with A is injective, because if Au = 0, then BAu =
B0 =0, and since BA = I we get u = 0. Again, By Proposition 3.9, this map is bijective so
B is actually the inverse of A; in particular AB = [.

Now, assume that the linear system Az = b has some solution for every b. Then the
linear map associated with A is surjective and by Proposition 3.9, A is invertible.

Finally, assume that the linear system Ax = b has at most one solution for every b. Then
the linear map associated with A is injective and by Proposition 3.9, A is invertible.

We also have the following basic proposition about injective or surjective linear maps.

Proposition 3.10. Let E and F be vector spaces, and let f: E — F be a linear map. If
f: E — F 1is injective, then there is a surjective linear map r: F — E called a retraction,
such that ro f = idg. If f: E — F is surjective, then there is an injective linear map
s: F'— FE called a section, such that f o s =idp.

Proof. Let (u;);c; be a basis of E. Since f: E' — F is an injective linear map, by Proposition
1.13, (f(wi))ier is linearly independent in F'. By Theorem 1.5, there is a basis (v;);es of F,
where I C J, and where v; = f(u;), for all i € I. By Proposition 1.13, a linear map r: F' — FE
can be defined such that r(v;) = u;, for all i € I, and r(v;) = w for all j € (J —I), where w
is any given vector in E, say w = 0. Since r(f(u;)) = u; for all i € I, by Proposition 1.13,
we have r o f = idg.

Now, assume that f: E — [ is surjective. Let (v;);es be a basis of F. Since f: E — F
is surjective, for every v; € F', there is some u; € E such that f(u;) = v;. Since (v;);es is a
basis of F', by Proposition 1.13, there is a unique linear map s: F' — E such that s(v;) = u,.
Also, since f(s(vj)) = v;, by Proposition 1.13 (again), we must have f o s =idp. O

The converse of Proposition 3.10 is obvious.

The notion of rank of a linear map or of a matrix important, both theoretically and
practically, since it is the key to the solvability of linear equations. We have the following
simple proposition.
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Proposition 3.11. Given a linear map f: E — F, the following properties hold:
(i) rk(f) + dim(Ker f) = dim(E).
(i1) rk(f) < min(dim(E), dim(F)).

Proof. Property (i) follows from Proposition 3.6. As for (ii), since Im f is a subspace of F', we
have rk(f) < dim(F'), and since rk(f) +dim(Ker f) = dim(E), we have rk(f) < dim(£). O

The rank of a matrix is defined as follows.

Definition 3.3. Given a m x n-matrix A = (a;;), the rank rk(A) of the matrix A is the
maximum number of linearly independent columns of A (viewed as vectors in R™).

In view of Proposition 1.6, the rank of a matrix A is the dimension of the subspace of
R™ generated by the columns of A. Let E and F' be two vector spaces, and let (ui, ..., u,)
be a basis of F, and (vq,...,v,,) a basis of F. Let f: E — F be a linear map, and let M(f)
be its matrix w.r.t. the bases (uy,...,u,) and (v1,...,v,). Since the rank rk(f) of f is the
dimension of Im f, which is generated by (f(u1),..., f(u,)), the rank of f is the maximum
number of linearly independent vectors in (f(uy),..., f(u,)), which is equal to the number
of linearly independent columns of M(f), since I’ and R™ are isomorphic. Thus, we have
rk(f) = rk(M(f)), for every matrix representing f.

We will see later, using duality, that the rank of a matrix A is also equal to the maximal
number of linearly independent rows of A.

3.4 Affine Maps

We showed in Section 1.7 that every linear map f must send the zero vector to the zero
vector; that is,

£(0) =0.

Yet, for any fixed nonzero vector u € E (where E is any vector space), the function ¢, given
by
tu(x) =x+u, for all ze€F

shows up in pratice (for example, in robotics). Functions of this type are called translations.
They are not linear for u # 0, since ,(0) = 0+ u = u.

More generally, functions combining linear maps and translations occur naturally in many
applications (robotics, computer vision, etc.), so it is necessary to understand some basic
properties of these functions. For this, the notion of affine combination turns out to play a
key role.
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Recall from Section 1.7 that for any vector space E, given any family (u;);e; of vectors
u; € B, an affine combination of the family (u;);cr is an expression of the form

where (\;);es is a family of scalars.

A linear combination places no restriction on the scalars involved, but an affine com-
bination is a linear combination with the restriction that the scalars A\; must add up to 1.
Nevertheless, a linear combination can always be viewed as an affine combination using the
following trick involving 0. For any family (u;);e; of vectors in E and for any family of

scalars (\;);er, we can write the linear combination > ., A\;u; as an affine combination as

follows: <
jg::Aiui:: EE:,Aiui—% (1 —'zg::Ai>(l
iel il iel

Affine combinations are also called barycentric combinations.

Although this is not obvious at first glance, the condition that the scalars A\; add up to
1 ensures that affine combinations are preserved under translations. To make this precise,
consider functions f: E — F', where E and I’ are two vector spaces, such that there is some
linear map h: E— F and some fixed vector b € F' (a translation vector), such that

f(x) =h(x)+b, forall ze€kF.

(=)= G ) (2)+ G)

is an example of the composition of a linear map with a translation.

The map f given by

We claim that functions of this type preserve affine combinations.

Proposition 3.12. For any two vector spaces E and F, given any function f: E — F
defined such that

fx)=h(x)+b, forall ze€F,

where h: E — F is a linear map and b is some fixed vector in F, for every affine combination

Y oier Nt (with Y, A = 1), we have

f(z Au) =" Nif(w).

il el

In other words, f preserves affine combinations.
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Proof. By definition of f, using the fact that h is linear and the fact that > ., \; = 1, we

have
f(ZAiui) = h<z>\u) +b

= Nh(u;) + 1b
= Z Aih(u;) + ( Z )\i) b
= Ai(h(w) +b)

iel

= Z Aif(ui)a

el

iel

as claimed. n

Observe how the fact that .., A\; = 1 was used in a crucial way in line 3. Surprisingly,
the converse of Proposition 3.12 also holds.

Proposition 3.13. For any two vector spaces E and F', let f: E — F be any function that
preserves affine combinations, i.e., for every affine combination Y ., Nu; (with Y, ., A =

1), we have
f(z Au> = Nif(u).

iel iel
Then, for any a € E, the function h: E — F given by

W) = fla+x) — f(a)
s a linear map independent of a, and
fla+z)=h(z)+ f(a), forall ze€F.
In particular, for a =0, if we let ¢ = f(0), then
f(z)=h(z)+e¢, forall zekFE.

el

Proof. First, let us check that h is linear. Since f preserves affine combinations and since
a+u+v=(a+u)+ (a+v)—aisan affine combination (141 — 1= 1), we have

(a+u+v)— f(a)
((a4+u)+ (a+v) —a) — f(a)
(a+u)+ fla+v) = fla) = f(a)
(a+u)— fla) + fla+v) = f(a)
(
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This proves that
h(u+wv) = h(u) + h(v), u,v € E.

Observe that a + Au = A(a + u) + (1 — N)a is also an affine combination (A+1— X = 1), so
we have

hw) = fla+ ) - f(a)

= f(Ma+u)+ (1= Aa) — f(a)

=Mla+u)+ (1= A)f(a) — f(a)

= Af(a+u) — f(a))

= Ah(u).
This proves that

h(Au) = Ah(u), uwe E, X€R.

Therefore, h is indeed linear.

For any b € F, since b+ u = (a +u) — a+ b is an affine combination (1 —1+1=1), we
have

fo+u) = fb) = f((a+u) —a+b) - f(b)
fla+u) = fa) + f(b) = f(b)
f

(@ +u) = f(a),

which proves that for all a,b € F,

fb+u)—f(b)=fla+u)— fla), u€E.

Therefore h(z) = f(a +u) — f(a) does not depend on a, and it is obvious by the definition
of h that
fla+z)=h(z)+ f(a), forall ze€kF.

For a = 0, we obtain the last part of our proposition. O

We should think of a as a chosen origin in E. The function f maps the origin a in F to
the origin f(a) in F. Proposition 3.13 shows that the definition of h does not depend on the
origin chosen in F. Also, since

f)y="h(x)+c, forall ze€FE
for some fixed vector ¢ € F', we see that f is the composition of the linear map h with the
translation ¢. (in F).
The unique linear map h as above is called the linear map associated with f and it is
sometimes denoted by 7

In view of Propositions 3.12 and 3.13, it is natural to make the following definition.
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Definition 3.4. For any two vector spaces E and F, a function f: F — F is an affine
map if f preserves affine combinations, i.e., for every affine combination )., Aju; (with

>ier i = 1), we have
f(z Au) = Nif(u).

iel iel
Equivalently, a function f: E — F is an affine map if there is some linear map h: £ — F
_>
(also denoted by f ) and some fixed vector ¢ € F' such that

f(x) =h(z)+¢c, foral ze€E.

Note that a linear map always maps the standard origin 0 in E to the standard origin
0 in . However an affine map usually maps 0 to a nonzero vector ¢ = f(0). This is the
“translation component” of the affine map.

When we deal with affine maps, it is often fruitful to think of the elements of £ and F'
not only as vectors but also as points. In this point of view, points can only be combined
using affine combinations, but vectors can be combined in an unrestricted fashion using
linear combinations. We can also think of u + v as the result of translating the point u by
the translation t,. These ideas lead to the definition of affine spaces.

The idea is that instead of a single space F, an affine space consists of two sets F and
ﬁ, where F is just an unstructured set of points, and ﬁ is a vector space. Furthermore, the
vector space B acts on F. We can think of ﬁ as a set of translations specified by vectors,

and given any point a € E and any vector (translation) u € ﬁ, the result of translating a
by w is the point (not vector) a 4+ u. Formally, we have the following definition.

Definition 3.5. An affine space is either the degenerate space reduced to the empty set, or

a triple <E ) ﬁ, +> consisting of a nonempty set E (of points), a vector space ﬁ (of trans-

lations, or free vectors), and an action +: E X B — F, satisfying the following conditions.
(Al) a+0=a, for every a € E.
(A2) (a+u)+v=a+ (u+v), for every a € E, and every u,v € E.
(A3) For any two points a,b € E, there is a unique u € ﬁ such that a +u = b.
The unique vector u € ﬁ such that a + u = b is denoted by %, or sometimes by ab, or

even by b — a. Thus, we also write
b=a+ %

(or b=a+ ab, or even b =a + (b — a)).
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It is important to note that adding or rescaling points does not make sense! However,

using the fact that ﬁ acts on E is a special way (this action is transitive and faithful), it is
possible to define rigorously the notion of affine combinations of points and to define affine
spaces, affine maps, etc. However, this would lead us to far afield, and for our purposes it is
enough to stick to vector spaces. Still, one should be aware that affine combinations really
apply to points, and that points are not vectors!

If £ and F are finite dimensional vector spaces with dim(E) = n and dim(F) = m,
then it is useful to represent an affine map with respect to bases in F in F. However, the
translation part ¢ of the affine map must be somewhow incorporated. There is a standard
trick to do this which amounts to viewing an affine map as a linear map between spaces of
dimension n + 1 and m + 1. We also have the extra flexibility of choosing origins a € E and
beF.

Let (u1,...,u,) be a basis of E, (vq,...,v,) be a basis of ', and let a« € F'and b € F be
any two fixed vectors viewed as origins. Our affine map f has the property that if v = f(u),
then

v—b=fla+u—a)—b= f(a) —b+ h(u —a).

So, if welet y =v —b, x =u—a, and d = f(a) — b, then
y=h(z)+d, xz€kE.
Over the basis U = (uq, ..., u,), we write
T =21UL + -+ TpUy,
and over the basis V = (vq,...,v,,), we write

y:y1v1+"'+ymvm7
d:d12)1+"'+dmvm.

Then, since

y = h(z) +d,
if we let A be the m x n matrix representing the linear map h, that is, the jth column of A
consists of the coordinates of h(u;) over the basis (vy,...,v,,), then we can write
yv = Axy + dy.
where zy = (21, ..., 2,) ", yp = (Y1, .., Ym) ', and dy = (dy, ..., d,,)". The above is the ma-
trix representation of our affine map f with respect to (a, (uy,...,u,)) and (b, (v1,...,0mn))-

The reason for using the origins a and b is that it gives us more flexibility. In particular,
we can choose b = f(a), and then f behaves like a linear map with respect to the origins a
and b = f(a).
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When E = F| if there is some a € E such that f(a) = a (a is a fized point of f), then
we can pick b = a. Then, because f(a) = a, we get

v=f(u) = f(a+u—a) = f(a) + h(u—a) = a+ h(u—a),

that is
v—a=h(u—a).

With respect to the new origin a, if we define x and y by

r=u-—a
Yy=v—a,
then we get
y = h(z).

Therefore, f really behaves like a linear map, but with respect to the new origin a (not the
standard origin 0). This is the case of a rotation around an axis that does not pass through
the origin.

Remark: A pair (a, (u1,...,u,)) where (ui,...,u,) is a basis of E and a is an origin chosen
in F' is called an affine frame.

We now describe the trick which allows us to incorporate the translation part d into the
matrix A. We define the (m + 1) x (n + 1) matrix A’ obtained by first adding d as the
(n 4 1)th column, and then (0,...,0,1) as the (m + 1)th row:

——

()
(- 90

y=Ar +d.

n

Then, it is clear that

ifft

This amounts to considering a point x € R™ as a point (z, 1) in the (affine) hyperplane H, 1
in Rt of equation T,y1 = 1. Then, an affine map is the restriction to the hyperplane H,,
of the linear map f from R to R™*! corresponding to the matrix A’ which maps H,
into Hyv1 (f(Hpy1) € Hypp1). Figure 3.2 illustrates this process for n = 2.

()= 6) () ()

For example, the map
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(‘rlv T2, 1)

7
,// Hg:l'g:l

T2

x = (x1,22)

Ty

Figure 3.2: Viewing R" as a hyperplane in R"™! (n = 2)

defines an affine map f which is represented in R? by

1 113 1
x|l — |1 3 0 T2
1 0 01 1
It is easy to check that the point a = (6, —3) is fixed by f, which means that f(a) = a, so by

translating the coordinate frame to the origin a, the affine map behaves like a linear map.

The idea of considering R" as an hyperplane in R"*! can be used to define projective
maps.

3.5 Summary

The main concepts and results of this chapter are listed below:

Direct products, sums, direct sums.

Projections.

The fundamental equation

dim(E) = dim(Ker f) + dim(Im f) = dim(Ker f) + rk(f)
(Proposition 3.6).
o Grassmann’s relation

dim(U) 4+ dim(V') = dim(U 4+ V) + dim(U N'V).
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e Characterizations of a bijective linear map f: K — F.

e Rank of a matrix.

o Affine Maps.



Chapter 4

Determinants

4.1 Permutations, Signature of a Permutation

This chapter contains a review of determinants and their use in linear algebra. We begin
with permutations and the signature of a permutation. Next, we define multilinear maps
and alternating multilinear maps. Determinants are introduced as alternating multilinear
maps taking the value 1 on the unit matrix (following Emil Artin). It is then shown how
to compute a determinant using the Laplace expansion formula, and the connection with
the usual definition is made. It is shown how determinants can be used to invert matrices
and to solve (at least in theory!) systems of linear equations (the Cramer formulae). The
determinant of a linear map is defined. We conclude by defining the characteristic polynomial
of a matrix (and of a linear map) and by proving the celebrated Cayley—Hamilton theorem
which states that every matrix is a “zero” of its characteristic polynomial (we give two proofs;
one computational, the other one more conceptual).

Determinants can be defined in several ways. For example, determinants can be defined
in a fancy way in terms of the exterior algebra (or alternating algebra) of a vector space.
We will follow a more algorithmic approach due to Emil Artin. No matter which approach
is followed, we need a few preliminaries about permutations on a finite set. We need to
show that every permutation on n elements is a product of transpositions, and that the
parity of the number of transpositions involved is an invariant of the permutation. Let
n] ={1,2...,n}, where n € N, and n > 0.

Definition 4.1. A permutation on n elements is a bijection 7: [n] — [n]. When n = 1, the
only function from [1] to [1] is the constant map: 1+ 1. Thus, we will assume that n > 2.
A transposition is a permutation 7: [n] — [n] such that, for some i < j (with 1 <1i < j <mn),
T(i) = j, 7(j) = i, and 7(k) = k, for all &k € [n] — {i,5}. In other words, a transposition
exchanges two distinct elements 4, j € [n].

If 7 is a transposition, clearly, 7 o 7 = id. We will also use the terminology product of
permutations (or transpositions), as a synonym for composition of permutations. A per-
mutation o on n elements, say o(i) = k; for i = 1,...,n, can be represented in functional

115
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known as Cauchy two-line notation. For example, we have the permutation o denoted by
1 23456
24365 1)
A more concise notation often used in computer science and in combinatorics is to rep-
resent a permutation by its image, namely by the sequence

notation by the 2 x n array

o(l) o(2) -+ o(n)

written as a row vector without commas separating the entries. The above is known as
the one-line notation. For example, in the one-line notation, our previous permutation o is
represented by

24365 1.

The reason for not enclosing the above sequence within parentheses is avoid confusion with
the notation for cycles, for which is it customary to include parentheses.

Clearly, the composition of two permutations is a permutation and every permutation
has an inverse which is also a permutation. Therefore, the set of permutations on [n] is a
group often denoted G,, and called the symmetric group on n elements.

It is easy to show by induction that the group &,, has n! elements. The following propo-
sition shows the importance of transpositions.

Proposition 4.1. For every n > 2, every permutation 7: [n] — [n] can be written as a
nonempty composition of transpositions.

Proof. We proceed by induction on n. If n = 2, there are exactly two permutations on [2],
the transposition 7 exchanging 1 and 2, and the identity. However, idy = 72. Now, let n > 3.
If m(n) = n, since by the induction hypothesis, the restriction of 7 to [n — 1] can be written
as a product of transpositions, 7 itself can be written as a product of transpositions. If
m(n) = k # n, letting 7 be the transposition such that 7(n) = k and 7(k) = n, it is clear
that 7 o 7w leaves n invariant, and by the induction hypothesis, we have Tom =7,,0...07
for some transpositions, and thus

T=TOTyO...0Ty,
a product of transpositions (since 7o 7 = id,,). ]
Remark: When 7 = id,, is the identity permutation, we can agree that the composition of

0 transpositions is the identity. Proposition 4.1 shows that the transpositions generate the
group of permutations &,,.
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A transposition 7 that exchanges two consecutive elements k and k + 1 of [n] (1 < k <
n—1) may be called a basic transposition. We leave it as a simple exercise to prove that every
transposition can be written as a product of basic transpositions. In fact, the transposition
that exchanges k and k+p (1 < p < n—k) can be realized using 2p — 1 basic transpositions.
Therefore, the group of permutations &,, is also generated by the basic transpositions.

Given a permutation written as a product of transpositions, we now show that the parity
of the number of transpositions is an invariant. For this, we introduce the following function.

Definition 4.2. For every n > 2, let A: Z™ — Z be the function given by

Az, ... x,) = H (i — x;).

1<i<j<n

More generally, for any permutation o € &,,, define A(zo(1y, ..., Tom)) by

Aoy 7om) = | (@ow = 70i).

1<i<j<n

The expression A(zq,...,x,) is often called the discriminant of (z1,...,x,).

It is clear that if the x; are pairwise distinct, then A(zy,...,z,) # 0.

Proposition 4.2. For every basic transposition T of [n] (n > 2), we have
A(J]T(l), c. ,ZET(n)) = —A(:L’l, R ,:L‘n).

The above also holds for every transposition, and more generally, for every composition of
transpositions 0 = T, 0 --- o Ty, we have

A(a:a(l), Ce ,:Eg(n)) = (—1)pA(.2131, RN ,xn).

Consequently, for every permutation o of [n], the parity of the number p of transpositions
involved in any decomposition of o as o = 1,0 --- 0T is an invariant (only depends on o).

Proof. Suppose 7 exchanges z;, and x41. The terms z; — x; that are affected correspond to
i=k,ori=k+1, orj=k,orj=k+ 1. The contribution of these terms in A(z1,...,x,)
is

@k — T [(@ — Tpa2) - (@ = )] [(Tn1 = Tp2) -+ (@1 — 2]

(71 —wg) -+ (w1 — 2)] (21 — Tga) -+ - (T — Taga)]-

When we exchange x; and .1, the first factor is multiplied by —1, the second and the
third factor are exchanged, and the fourth and the fifth factor are exchanged, so the whole
product A(xy,...,z,) is is indeed multiplied by —1, that is,

A(I’T(l), oo ,337.(”)) = —A(l‘l, ce ,$n).
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For the second statement, first we observe that since every transposition 7 can be written
as the composition of an odd number of basic transpositions (see the the remark following
Proposition 4.1), we also have

A(xT(l)v cee 7$T(”)> = _A('Tla cee 7‘7:”)‘

Next, we proceed by induction on the number p of transpositions involved in the decompo-
sition of a permutation o.

The base case p = 1 has just been proved. If p > 2, if we write w = 7,1 0 --- o7y, then
o =T,0w and

A(Zo(1); -3 Tom) = Al@r 1)), - - - » Try (w(n)))
= —A(:L‘w(l), e ,xw(n))
= —(—1)p_1A(a:1, ey Ty)
= (=1)PA(z1,...,2),

where we used the induction hypothesis from the second to the third line, establishing the
induction hypothesis. Since A(2,(1), ..., Ton)) only depends on o, the equation

A(:L’U(l), e ,Ia(n)) = (—1)pA($1, Ce ,fEn>.

shows that the parity (—1)P of the number of transpositions in any decomposition of ¢ is an
invariant. ]

In view of Proposition 4.2, the following definition makes sense:

Definition 4.3. For every permutation o of [n], the parity e(o) (or sgn(c)) of the number
of transpositions involved in any decomposition of o is called the signature (or sign) of o.

Obviously €(7) = —1 for every transposition 7 (since (—1)! = —1).

A simple way to compute the signature of a permutation is to count its number of
inversions.

Definition 4.4. Given any permutation o on n elements, we say that a pair (i, j) of indices
i,7 € {1,...,n} such that i < j and o(i) > o(j) is an inversion of the permutation o.

For example, the permutation ¢ given by
1 23456
2 436 51
has seven inversions

(1,6), (2,3), (2,6), (3,6), (4,5), (4,6), (5,6).
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Proposition 4.3. The signature e(c) of any permutation o is equal to the parity (—1)1()

of the number I(o) of inversions in o.

Proof. In the product

A(xo(l)w'wxﬂ(n)) = H (IU(i) —{L‘U(]’)),

1<i<j<n

the terms ,(;) — %,(j) for which o(i) < o(j) occur in A(xy,...,2,), whereas the terms
To(i) — To(;) for which o(i) > o(j) occur in A(zy, ..., x,) with a minus sign. Therefore, the
number v of terms in A(z4(1, - - ., Zo(n)) Whose sign is the opposite of a term in A(xy, ..., z,),
is equal to the number I(o) of inversions in o, which implies that

A($g(1), N ,:L‘U(n)) = (—1)I(U)A(ZE1, e ,[L’n).

By Proposition 4.2, the sign of (—1)(%) is equal to the signature of o. O

1 2 5 6
2 4 o5 1

has odd signature since it has seven inversions and (—1)" = —1.

For example, the permutation

3 4
3 6

Remark: When 7 = id,, is the identity permutation, since we agreed that the composition of
0 transpositions is the identity, it it still correct that (—1)° = ¢(id) = +1. From proposition
4.2, it is immediate that (7’ o ) = e(n’)e(w). In particular, since 771 o 7 = id,, we get
e(m™h) = e(m).

We can now proceed with the definition of determinants.

4.2 Alternating Multilinear Maps

First, we define multilinear maps, symmetric multilinear maps, and alternating multilinear
maps.

Remark: Most of the definitions and results presented in this section also hold when K is
a commutative ring, and when we consider modules over K (free modules, when bases are

needed).
Let Eq, ..., E,, and I, be vector spaces over a field K, where n > 1.

Definition 4.5. A function f: Fy x ... x E, — F is a multilinear map (or an n-linear
map) if it is linear in each argument, holding the others fixed. More explicitly, for every i,
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1<i<n,forallzy € By..., 2,1 € B, vi01 € Ejyq, ..., 2 € By, for all z,y € E;, for all
AE K,

floy, ooz, e+ Y, Ty, o ) = f(X1, 00 T, X, Tig1y ooy X))
+ f(xb o i1, Y, i1,y - - - axn)a
fl@r, o i, AT, Ty, o ) = AN(X1, o T, T, Tty -y T

When F' = K, we call f an n-linear form (or multilinear form). If n > 2 and E;, =

Ey=...=FE,, an n-linear map f: E X ... x E'— Fis called symmetric, if f(z1,...,2,) =
f(xry, - Tr(n)), for every permutation 7 on {1,...,n}. An n-linear map f: Ex...x E —
F is called alternating, if f(xy,...,x,) = 0 whenever z; = x;41, for some 7, 1 <i<n—1 (in

other words, when two adjacent arguments are equal). It does not harm to agree that when
n = 1, a linear map is considered to be both symmetric and alternating, and we will do so.

When n = 2, a 2-linear map f: Fy X Fy — F'is called a bilinear map. We have already
seen several examples of bilinear maps. Multiplication -: K x K — K is a bilinear map,
treating K as a vector space over itself.

The operation (—, —): E* x E — K applying a linear form to a vector is a bilinear map.

Symmetric bilinear maps (and multilinear maps) play an important role in geometry
(inner products, quadratic forms), and in differential calculus (partial derivatives).

A bilinear map is symmetric if f(u,v) = f(v,u), for all u,v € E.

Alternating multilinear maps satisfy the following simple but crucial properties.

Proposition 4.4. Let f: Ex...x E — F be an n-linear alternating map, with n > 2. The
following properties hold:

(1)

f( B O 7 T [ ) = —f( vy Lit1y Loy - - )

(2)
f(...,xi,...,a:j,...):(),

where v; = x;, and 1 <i < j <n.

(3)

where 1 <1< j <n.

(4)
f(,l’z,):f(,l'l+)\$],),

for any A € K, and where i # j.
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Proof. (1) By multilinearity applied twice, we have
fl. itz v+ xi,..) =f( o znm, . )+ (T,
+f( o mign ) fC T, T, ),
and since f is alternating, this yields
0=f(..,z5Tix1,--) + [, Tigr, Ty - ),
that is, f(...,z @i, ..) = —f( oo @in, T4,y .0,

(2) If x; = x; and ¢ and j are not adjacent, we can interchange z; and z;41, and then z,
and x;10, etc, until x; and x; become adjacent. By (1),

flozy, o xy,.) =€ef(co o, 2,25, .. .),
where € = +1 or —1, but f(...,z;,2z;,...) =0, since z; = z;, and (2) holds.
(3) follows from (2) as in (1). (4) is an immediate consequence of (2). O
Proposition 4.4 will now be used to show a fundamental property of alternating multilin-
ear maps. First, we need to extend the matrix notation a little bit. Let E be a vector space

over K. Given an n x n matrix A = (a;;) over K, we can define a map L(A): E" — E™ as
follows:

L(A)1<u> =ay1uU; + -+ a1 pUp,

L<A)n<u> = Qp1U1 + -+ QpnUnp,

for all uy,...,u, € E and with v = (u1,...,u,). It is immediately verified that L(A) is
linear. Then, given two n x n matrice A = (a;;) and B = (b;;), by repeating the calculations
establishing the product of matrices (just before Definition 1.10), we can show that

L(AB) = L(A) o L(B).

It is then convenient to use the matrix notation to describe the effect of the linear map L(A),
as

L(A)l(u) a1 Qr2 ... Q1n (51

L(A)Q(u) B 21 Q22 ... QAa2n U9

L(A),(u) Ani Apo .. Gpn Uy,
Lemma 4.5. Let f: Ex ... x E — F be an n-linear alternating map. Let (uq,...,u,) and
(v1,...,0,) be two families of n vectors, such that,

V1 = Q11U + -+ Ap iUy,

Up = Q1pU1 + «*° + Gpply.
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Equivalently, letting

11 412 ... din
A G21 Q22 ... d2n
ap1 Ap2 ... Qpnp
assume that we have
U1 U1
U2 U2
=47
Up Up
Then,
f(vlv s 7Un) = (Z 6(7T)a7'r(1)1 to aﬂ'(n)n>f(u17 s 7un)a
€6y
where the sum ranges over all permutations ™ on {1,...,n}.
Proof. Expanding f(vy,...,v,) by multilinearity, we get a sum of terms of the form
Ar(1)1" " Or(n)nf (Ur(1), - -+ s Un(n)),
for all possible functions 7: {1,...,n} — {1,...,n}. However, because f is alternating, only

the terms for which 7 is a permutation are nonzero. By Proposition 4.1, every permutation
7 is a product of transpositions, and by Proposition 4.2, the parity €(m) of the number of
transpositions only depends on 7. Then, applying Proposition 4.4 (3) to each transposition
in m, we get

Ar(1)1 """ aw(n)nf(ufr(l)a cee 7u7r(n)> = E(W)aﬂ(l) 1" aﬂ(n)nf(uly cee 7un)'

Thus, we get the expression of the lemma. O

The quantity
det(A) = Z 6(Tr)aﬂ'(l) 1" Ar(n)n

ﬂ'EGn

is in fact the value of the determinant of A (which, as we shall see shortly, is also equal to the
determinant of AT). However, working directly with the above definition is quite ackward,
and we will proceed via a slightly indirect route

Remark: The reader might have been puzzled by the fact that it is the transpose matrix
AT rather than A itself that appears in Lemma 4.5. The reason is that if we want the generic
term in the determinant to be

e(ﬂ—)a‘ﬂ'(l) 1 Qr(n)n,
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where the permutation applies to the first index, then we have to express the v;s in terms
of the u;s in terms of A" as we did. Furthermore, since

vj:aljul+---+aijui—|—---+an]~un,

we see that v; corresponds to the jth column of the matrix A, and so the determinant is
viewed as a function of the columns of A.

The literature is split on this point. Some authors prefer to define a determinant as we
did. Others use A itself, which amounts to viewing det as a function of the rows, in which

case we get the expression
Z E(U)al o(1) """ Ano(n)-
oeGy,

Corollary 4.8 show that these two expressions are equal, so it doesn’t matter which is chosen.
This is a matter of taste.

4.3 Definition of a Determinant

Recall that the set of all square n x n-matrices with coefficients in a field K is denoted by
M, (K).

Definition 4.6. A determinant is defined as any map
D: M, (K)—= K,

which, when viewed as a map on (K™)", i.e., a map of the n columns of a matrix, is n-linear
alternating and such that D([,,) = 1 for the identity matrix I,,. Equivalently, we can consider
a vector space E of dimension n, some fixed basis (ey, ..., e,), and define

D:E"— K
as an n-linear alternating map such that D(eq,...,e,) = 1.

First, we will show that such maps D exist, using an inductive definition that also gives
a recursive method for computing determinants. Actually, we will define a family (D,,),>1
of (finite) sets of maps D: M, (K) — K. Second, we will show that determinants are in fact
uniquely defined, that is, we will show that each D,, consists of a single map. This will show
the equivalence of the direct definition det(A) of Lemma 4.5 with the inductive definition
D(A). Finally, we will prove some basic properties of determinants, using the uniqueness
theorem.

Given a matrix A € M,,(K), we denote its n columns by A' ... A" In order to describe
the recursive process to define a determinant we need the notion of a minor.
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Definition 4.7. Given any n xn matrix with n > 2, for any two indices i, j with 1 < 14,7 < n,
let A;; be the (n — 1) x (n — 1) matrix obtained by deleting row ¢ and colummn j from A
and called a minor:

X
X
X X X X X X X
Ajj = X
X
X
X
For example, if
2 -1 0 0 0
-1 2 -1 0 0
A=10 -1 2 -1 0
o o0 -1 2 -1
o 0 0 -1 2
then
2 -1 0 0
0 -1 -1 0
Aa=1y 0 2 -1
0O 0 -1 2

Definition 4.8. For every n > 1, we define a finite set D,, of maps D: M, (K) — K
inductively as follows:

When n = 1, D; consists of the single map D such that, D(A) = a, where A = (a), with
ac K.

Assume that D,_; has been defined, where n > 2. Then, D,, consists of all the maps D
such that, for some 7, 1 <17 < n,

D(A) = (—1)i+1ai1D(A“) + -+ (—1)1+"amD(Am),

where for every j, 1 < j <n, D(A;;) is the result of applying any D in D,,_; to the minor
Aij-

@ We confess that the use of the same letter D for the member of D,, being defined, and

for members of D,_;, may be slightly confusing. We considered using subscripts to

distinguish, but this seems to complicate things unnecessarily. One should not worry too
much anyway, since it will turn out that each D,, contains just one map.

Each (—1)"" D(A4;;) is called the cofactor of a;;, and the inductive expression for D(A)
is called a Laplace expansion of D according to the i-th row. Given a matrix A € M, (K),
each D(A) is called a determinant of A.
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We can think of each member of D,, as an algorithm to evaluate “the” determinant of A.
The main point is that these algorithms, which recursively evaluate a determinant using all
possible Laplace row expansions, all yield the same result, det(A).

We will prove shortly that D(A) is uniquely defined (at the moment, it is not clear that
D,, consists of a single map). Assuming this fact, given a n x n-matrix A = (a;,),

a1 Q12 ... QAip

21 Q29 ... QA2pn
A= | . .

ap1 Apo ... QApn

its determinant is denoted by D(A) or det(A), or more explicitly by

@11 AaAir2 ... Qin

21 Q29 ... QdAap
det(A) =| |

Ap1 QApo ... QApp

First, let us first consider some examples.

(2}

expanding according to any row, we have

Example 4.1.
1. When n = 2, if

D(A) = ad — be.

2. When n = 3, if
a1 Aaiz2 0Aais
A= a1 az2 a23

az1 azz2 433

expanding according to the first row, we have

Q21 Q22
az1 asz2

21 Q23

— a2
a31 a3zs3

that is,
D(A) = all(a22<l33 - &32(123) - 012(G21a33 - (131&23) + a13(a21<l32 - a31a22),
which gives the explicit formula

D(A) = (11022033 + Q21032013 + A31G12023 — A11032023 — (21012033 — G3102201 3.
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We now show that each D € D,, is a determinant (map).

Lemma 4.6. For every n > 1, for every D € D, as defined in Definition 4.8, D is an
alternating multilinear map such that D(I,) = 1.

Proof. By induction on n, it is obvious that D(I,) = 1. Let us now prove that D is
multilinear. Let us show that D is linear in each column. Consider any column k. Since

D(A) == (-1)i+1ai1D(Ai1> + R (—1)i+jaijD(Aij) + - + (—1)Z+”amD(Am),
if j # k, then by induction, D(A;;) is linear in column k, and a; ; does not belong to column
k, so (=1)"a;;D(A;;) is linear in column k. If j = k, then D(A;;) does not depend on
column k = j, since A,;; is obtained from A by deleting row 7 and column j = k, and a;

belongs to column j = k. Thus, (—1)"7a;;D(A;;) is linear in column k. Consequently, in
all cases, (—1)""a;;D(A;;) is linear in column k, and thus, D(A) is linear in column k.

Let us now prove that D is alternating. Assume that two adjacent columns of A are
equal, say A¥ = A*!. First, let j # k and j # k+ 1. Then, the matrix A;; has two identical
adjacent columns, and by the induction hypothesis, D(A;;) = 0. The remaining terms of
D(A) are

(=1)"*a; . D(Aig) + (= 1) a1 D(A; i1

However, the two matrices A;;, and A;.; are equal, since we are assuming that columns &
and k + 1 of A are identical, and since A, is obtained from A by deleting row ¢ and column
k, and A,y is obtained from A by deleting row ¢ and column k + 1. Similarly, a;x = a; 541,
since columns k and k£ 4 1 of A are equal. But then,

(_1)i+kaikD(Aik) + (_1)i+k+1aik+1D(Aik+1) = <_1)i+kaikD(Aik) - (_1)i+kaikD(Aikz) =0.

This shows that D is alternating, and completes the proof. O

Lemma 4.6 shows the existence of determinants. We now prove their uniqueness.
Theorem 4.7. For every n > 1, for every D € D,,, for every matrix A € M,,(K), we have
D(A) = Z 6(71->a/7r(1)1 T a’ﬂ'(TL)TL?

7'1'6671,

where the sum ranges over all permutations m on {1,...,n}. As a consequence, D,, consists
of a single map for every n > 1, and this map is given by the above explicit formula.

Proof. Consider the standard basis (es,...,e,) of K", where (e;); = 1 and (e;); = 0, for
J # 1. Then, each column A’ of A corresponds to a vector v; whose coordinates over the
basis (eq,...,e,) are the components of A7, that is, we can write

V1 =ari1e1+ -+ ap1€y,

Up = G1p€1 + - + Guptn.
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Since by Lemma 4.6, each D is a multilinear alternating map, by applying Lemma 4.5, we
get

D(A) = D(v1, ... v,) = (Z e(T)an(iy1 - ~aﬁ(n)n>D(el, ),

€Sy,

where the sum ranges over all permutations 7 on {1,...,n}. But D(ey,...,e,) = D(I,),
and by Lemma 4.6, we have D(1,,) = 1. Thus,

D(A) = Z E(ﬂ—)aﬂ(l)l © Qr(n)n,
S(G2

where the sum ranges over all permutations 7 on {1,...,n}. O]

From now on, we will favor the notation det(A) over D(A) for the determinant of a square
matrix.

Remark: There is a geometric interpretation of determinants which we find quite illumi-
nating. Given n linearly independent vectors (uq, ..., u,) in R", the set

is called a parallelotope. If n = 2, then P, is a parallelogram and if n = 3, then P; is
a parallelepiped, a skew box having wuq, us,us as three of its corner sides. Then, it turns
out that det(uy,...,u,) is the signed volume of the parallelotope P, (where volume means
n-dimensional volume). The sign of this volume accounts for the orientation of P, in R".

We can now prove some properties of determinants.
Corollary 4.8. For every matriz A € M,,(K), we have det(A) = det(AT).
Proof. By Theorem 4.7, we have

det(A) = Z 6(77'>a7r(1) 17 Qr(n)n,

€S,
where the sum ranges over all permutations 7 on {1, ...,n}. Since a permutation is invertible,
every product
Ar(1)1°* Qr(n)n
can be rewritten as
A17-1(1) " Q1 (n),

and since €(77!) = €(m) and the sum is taken over all permutations on {1,...,n}, we have
Z 6(77->a7r(1)1 Qp(n)yn = Z 6(0’)@1 o(1) " Ano(n),
TI'GGn O'GGn

where 7 and o range over all permutations. But it is immediately verified that

det(AT> = Z 6(0’)@1 a(1) " " Ano(n)- ]

ceG,
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A useful consequence of Corollary 4.8 is that the determinant of a matrix is also a multi-
linear alternating map of its rows. This fact, combined with the fact that the determinant of
a matrix is a multilinear alternating map of its columns is often useful for finding short-cuts
in computing determinants. We illustrate this point on the following example which shows
up in polynomial interpolation.

Example 4.2. Consider the so-called Vandermonde determinant

1 1 1
x X2 T,
2 2 2
Vi, ...,x,)=| 1 T3 Ty,
n—1 n—1 n—1
Ty Ty x,

We claim that
V(zy,...,xn) = H (x; — ),
1<i<j<n
with V(xy,...,2,) = 1, when n = 1. We prove it by induction on n > 1. The case n =1 is
obvious. Assume n > 2. We proceed as follows: multiply row n — 1 by x; and substract it
from row n (the last row), then multiply row n — 2 by x; and subtract it from row n — 1,
etc, multiply row ¢ — 1 by x; and subtract it from row ¢, until we reach row 1. We obtain
the following determinant:

1 1 1

0 To — T1 Ty — T
V(I’l,. 7{[‘,”) = 0 372((172—1'1) l’n<l'n—l‘1)

0 25 2(zy—x1) ... 2" (2, —21)

Now, expanding this determinant according to the first column and using multilinearity;,
we can factor (z; — x;) from the column of index ¢ — 1 of the matrix obtained by deleting
the first row and the first column, and thus

V(zy,...,zn) = (wg —x) (23 — 21) -+ () — 1)V (20, . . ., ),

which establishes the induction step.

Remark: Observe that
Az, ... x) = V(T ..., 21),

where A(zq,...,x,) is the discriminant of (z1,...,x,) introduced in Definition 4.2.

Lemma 4.5 can be reformulated nicely as follows.
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Proposition 4.9. Let f: Ex ... x E — F be an n-linear alternating map. Let (uy,. .., uy,)
and (vq,...,v,) be two families of n vectors, such that

V1 = Q11U + -+ AU,

Up = Qp1U1 + - -+ Qpply.

Equivalently, letting

aiq ai o .. a1n
a21 Q9229 ... Qop
A=
Ap1 QApo ... QApn
assume that we have
U1 Uy
(% U2
=A
Un Un

Then,
fvr,...,v,) = det(A) f(ug, ..., up,).

Proof. The only difference with Lemma 4.5 is that here, we are using A" instead of A. Thus,
by Lemma 4.5 and Corollary 4.8, we get the desired result. O]

As a consequence, we get the very useful property that the determinant of a product of
matrices is the product of the determinants of these matrices.

Proposition 4.10. For any two nxn-matrices A and B, we have det(AB) = det(A) det(B).

Proof. We use Proposition 4.9 as follows: let (ey,...,e,) be the standard basis of K", and
let

wy e
Pl =aB |7
w, n
Then, we get
det(wy, ..., w,) = det(AB) det(eq, ..., e,) = det(AB),
since det(eq,...,e,) = 1. Now, letting
V1 e
V2 _ B €2 ,
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we get
det(vy, ..., v,) = det(B),
and since
w1 U1
W2 4 (%) ’
Wy, Up
we get
det(wy, ..., w,) = det(A) det(vy, ..., v,) = det(A) det(B). O

It should be noted that all the results of this section, up to now, also hold when K is a
commutative ring, and not necessarily a field. We can now characterize when an n x n-matrix
A is invertible in terms of its determinant det(A).

4.4 Inverse Matrices and Determinants

In the next two sections, K is a commutative ring, and when needed a field.

Definition 4.9. Let K be a commutative ring. Given a matrix A € M, (K), let A = (i)
be the matrix defined such that

bij = (—1>i+j det(Aji),

the cofactor of a;;. The matrix A is called the adjugate of A, and each matrix A;; is called
a minor of the matrix A.

@ Note the reversal of the indices in
bij = (—1)"7 det(A;;).
Thus, A is the transpose of the matrix of cofactors of elements of A.
We have the following proposition.
Proposition 4.11. Let K be a commutative ring. For every matriz A € M, (K), we have
AA = AA = det(A)1,.

As a consequence, A is invertible iff det(A) is invertible, and if so, A7! = (det(A))_lg.
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Proof. 1f A = (b; ;) and AA = (¢ij), we know that the entry ¢;; in row ¢ and column j of AA
is
Cij = aibij + -+ aigbpj + -+ ainbyj,

which is equal to
ail(—l)jH det(A] 1) 4+ 4 ain(—l)j+" det(A]n)

If j = 4, then we recognize the expression of the expansion of det(A) according to the i-th
row:
Cii — det(A) = ai1<—1)i+1 det(A,l) 4+ -4 am(—l)H" det(Am)

If j # i, we can form the matrix A’ by replacing the j-th row of A by the i-th row of A.
Now, the matrix A;; obtained by deleting row j and column £ from A is equal to the matrix
A’ obtained by deleting row j and column £ from A’, since A and A’ only differ by the j-th
row. Thus,

det(A; ) = det(A},),

and we have
cij = ain (1)1 det(A))) + -+ @i (1) det (A7)

However, this is the expansion of det(A’) according to the j-th row, since the j-th row of A’
is equal to the i-th row of A, and since A’ has two identical rows i and j, because det is an
alternating map of the rows (see an earlier remark), we have det(A’) = 0. Thus, we have
shown that ¢;; = det(A), and ¢;; = 0, when j # ¢, and so
AA = det(A)I,.
It is also obvious from the definition of g, that
Ioq
Then, applying the first part of the argument to AT, we have
ATAT = det(AT)I,,,
and since, det(AT) = det(A4), AT = AT, and (AA)T = ATAT, we get
det(A), = ATAT = ATAT = (AA),

that is, N
(AA)T = det(A)I,,

which yields N
AA = det(A)I,,
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since I, = I,,. This proves that
AA = AA = det(A),.

As a consequence, if det(A) is invertible, we have A~! = (det(A)) " A. Conversely, if A is
invertible, from AA™! = I,,, by Proposition 4.10, we have det(A)det(A™) = 1, and det(A)
is invertible. O

When K is a field, an element a € K is invertible iff a # 0. In this case, the second part
of the proposition can be stated as A is invertible iff det(A) # 0. Note in passing that this
method of computing the inverse of a matrix is usually not practical.

We now consider some applications of determinants to linear independence and to solving
systems of linear equations. Although these results hold for matrices over certain rings, their
proofs require more sophisticated methods. Therefore, we assume again that K is a field
(usually, K =R or K = C).

Let A be an n X n-matrix, x a column vectors of variables, and b another column vector,
and let A!, ..., A" denote the columns of A. Observe that the system of equation Az = b,

a1 a1z ... QA1n T bl
ao1 Q292 ... QA9pn T2 b2
Ap1 QAp2 ... QApn T bn

is equivalent to
$1A1_|_..._|_$jAJ_|_..._|_an”:b’

since the equation corresponding to the i-th row is in both cases
a1y + -4 a4+ Qin®y = by
First, we characterize linear independence of the column vectors of a matrix A in terms
of its determinant.

Proposition 4.12. Given an n x n-matrix A over a field K, the columns A, ... A" of
A are linearly dependent iff det(A) = det(A', ..., A") = 0. Equivalently, A has rank n iff
det(A) # 0.

Proof. First, assume that the columns A', ..., A" of A are linearly dependent. Then, there
are x1,...,x, € K, such that

o AN+ A4 2, AT =0,
where z; # 0 for some j. If we compute

det(A', ... oA+ AN+, AT AT =det(AY L 0,. . AT =0,
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where 0 occurs in the j-th position, by multilinearity, all terms containing two identical
columns A* for k # j vanish, and we get

zjdet(A', ... A") = 0.
Since x; # 0 and K is a field, we must have det(A', ..., A") = 0.

Conversely, we show that if the columns A', ..., A" of A are linearly independent, then
det(A',... A") # 0. If the columns A' ... A" of A are linearly independent, then they
form a basis of K™, and we can express the standard basis (eq,...,e,) of K™ in terms of
Al ..., A" Thus, we have

€1 bll b12 bln Al
€2 b21 b22 bgn A2
€En bnl an C bnn A"

for some matrix B = (b;;), and by Proposition 4.9, we get
det(ey,...,e,) = det(B)det(A', ..., A™),

and since det(ey,...,e,) = 1, this implies that det(A',..., A") # 0 (and det(B) # 0). For
the second assertion, recall that the rank of a matrix is equal to the maximum number of
linearly independent columns, and the conclusion is clear. O

If we combine Proposition 4.12 with Proposition 8.12, we obtain the following criterion
for finding the rank of a matrix.

Proposition 4.13. Given any m x n matriz A over a field K (typically K =R or K = C),
the rank of A is the mazimum natural number r such that there is an r X r submatrix B of
A obtained by selecting r rows and r columns of A, and such that det(B) # 0.

4.5 Systems of Linear Equations and Determinants
We now characterize when a system of linear equations of the form Az = b has a unique
solution.

Proposition 4.14. Given an n x n-matriz A over a field K, the following properties hold:

(1) For every column vector b, there is a unique column vector x such that Az = b iff the
only solution to Ax = 0 is the trivial vector x = 0, iff det(A) # 0.

(2) If det(A) # 0, the unique solution of Ax = b is given by the expressions

O det(AL,. . AT b AL LAY
YT Qet(AL,. . AL AT AL ANy

known as Cramer’s rules.
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(8) The system of linear equations Ax = 0 has a nonzero solution iff det(A) = 0.

Proof. Assume that Ax = b has a single solution xy, and assume that Ay = 0 with y # 0.
Then,
A(zg+y) = Axg + Ay = Axg + 0 = b,

and xg + y # xo is another solution of Ax = b, contadicting the hypothesis that Az = b has
a single solution xy. Thus, Az = 0 only has the trivial solution. Now, assume that Az =0
only has the trivial solution. This means that the columns Al ... A" of A are linearly
independent, and by Proposition 4.12, we have det(A) # 0. Finally, if det(A) # 0, by
Proposition 4.11, this means that A is invertible, and then, for every b, Ax = b is equivalent
to x = A71b, which shows that Az = b has a single solution.

(2) Assume that Az = b. If we compute
det(A', ... oA+ A+, A AT = det(AY L, AT,

where b occurs in the j-th position, by multilinearity, all terms containing two identical
columns A* for k # j vanish, and we get

vjdet(Al, .. A™) =det(A',. .. AT b, AT AP,

for every j, 1 < j < n. Since we assumed that det(A) = det(A',..., A") # 0, we get the
desired expression.

(3) Note that Az = 0 has a nonzero solution iff A ... A" are linearly dependent (as
observed in the proof of Proposition 4.12), which, by Proposition 4.12, is equivalent to
det(A) = 0. O

As pleasing as Cramer’s rules are, it is usually impractical to solve systems of linear
equations using the above expressions. However, these formula imply an interesting fact,
which is that the solution of the system Ax = b are continuous in A and b. If we assume that
the entries in A are continuous functions a;;(¢) and the entries in b are are also continuous
functions b;(t) of a real parameter ¢, since determinants are polynomial functions of their
entries, the expressions

o det(Al. L AL b AT L AT)
z(t) = det(AL, ... Ai-T Ai Aitt___ An)

are ratios of polynomials, and thus are also continuous as long as det(A(t)) is nonzero.
Similarly, if the functions a;;(t) and b;(t) are differentiable, so are the z;(¢).

4.6 Determinant of a Linear Map

We close this chapter with the notion of determinant of a linear map f: £ — FE.
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Given a vector space E of finite dimension n, given a basis (uq,...,u,) of E, for every
linear map f: £ — E, if M(f) is the matrix of f w.r.t. the basis (u1,...,u,), we can define
det(f) = det(M(f)). If (vy,...,v,) is any other basis of E, and if P is the change of basis
matrix, by Corollary 2.5, the matrix of f with respect to the basis (vy,...,v,)is P7*M(f)P.
Now, by proposition 4.10, we have

det(P*M(f)P) = det(P~*) det(M(f)) det(P) = det(P~") det(P) det(M(f)) = det(M(f)).
Thus, det(f) is indeed independent of the basis of E.

Definition 4.10. Given a vector space F of finite dimension, for any linear map f: £ — F,
we define the determinant det(f) of f as the determinant det(M(f)) of the matrix of f in
any basis (since, from the discussion just before this definition, this determinant does not
depend on the basis).

Then, we have the following proposition.

Proposition 4.15. Given any vector space E of finite dimension n, a linear map f: E — E
is invertible iff det(f) # 0.

Proof. The linear map f: F — F is invertible iff its matrix M(f) in any basis is invertible
(by Proposition 2.2), iff det(M(f)) # 0, by Proposition 4.11. O

Given a vector space of finite dimension n, it is easily seen that the set of bijective linear
maps f: E — F such that det(f) = 1 is a group under composition. This group is a
subgroup of the general linear group GL(FE). It is called the special linear group (of E), and
it is denoted by SL(FE), or when E = K™, by SL(n, K), or even by SL(n).

4.7 The Cayley—Hamilton Theorem

We conclude this chapter with an interesting and important application of Proposition 4.11,
the Cayley—Hamilton theorem. The results of this section apply to matrices over any com-
mutative ring K. First, we need the concept of the characteristic polynomial of a matrix.

Definition 4.11. If K is any commutative ring, for every n x n matrix A € M, (K), the
characteristic polynomial P4(X) of A is the determinant

Pu(X) = det(X1 — A).

The characteristic polynomial P4(X) is a polynomial in K[X], the ring of polynomials
in the indeterminate X with coefficients in the ring K. For example, when n = 2, if

a b
= (o)
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then

X—a —b
PA(X):‘ —c X-d

‘:X2—(a+d)X+ad—bc.

We can substitute the matrix A for the variable X in the polynomial P4(X), obtaining a
matriz Py. If we write

PA(X) = X"+ X"+ ey,

then
Pi=A"+c A" 4. 4l

We have the following remarkable theorem.

Theorem 4.16. (Cayley—Hamilton) If K is any commutative ring, for every n X n matriz
A e M, (K), if we let
PiAX)=X"4+c X" '+t

be the characteristic polynomial of A, then
Pi=A"+c A" '+ .4, ] =0.

Proof. We can view the matrix B = X1 — A as a matrix with coefficients in the polynomial
ring K[X], and then we can form the matrix B which is the transpose of the matrix of
cofactors of elements of B. Each entry in B is an (n — 1) x (n — 1) determinant, and thus a
polynomial of degree a most n — 1, so we can write B as

B=X"'By+ X" 2B+ + B,_1,

for some matrices By, ..., B,_1 with coefficients in K. For example, when n = 2, we have

(5 ) 1 () () ()
By Proposition 4.11, we have
BB = det(B)I = Py(X)I.
On the other hand, we have
BB = (XI—A)(X""'By+ X" 2By +---+ X" 77'B; +--- + B,_y),
and by multiplying out the right-hand side, we get

BB =X"Do+ X" 'Dy 4+ X"D; 4+ -+ D,,
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with
DO - BO
D, =DB; — ABy
Dn—l - Bn—l - ABn—2
Dn - _Aanl-
Since

Py X)) = (X" + e X" -,

the equality
X"Do+X""'Di 4+ D, = X"+ X"+ )l

is an equality between two matrices, so it requires that all corresponding entries are equal,
and since these are polynomials, the coefficients of these polynomials must be identical,
which is equivalent to the set of equations

I =B,
01[: B1 —ABO

Cj] = Bj — ABj_l

Cp1d = By — ABn—Q
cnl = _ABn—l)

for all j, with 1 < j < n — 1. If we multiply the first equation by A", the last by I, and
generally the (5 + 1)th by A" when we add up all these new equations, we see that the
right-hand side adds up to 0, and we get our desired equation

A" AV e, ] =0,
as claimed. n

As a concrete example, when n = 2, the matrix
a b
A=

A? — (a+d)A+ (ad — be)I = 0.

satisfies the equation
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Most readers will probably find the proof of Theorem 4.16 rather clever but very myste-
rious and unmotivated. The conceptual difficulty is that we really need to understand how
polynomials in one variable “act” on vectors, in terms of the matrix A. This can be done
and yields a more “natural” proof. Actually, the reasoning is simpler and more general if we
free ourselves from matrices and instead consider a finite-dimensional vector space E and
some given linear map f: E — E. Given any polynomial p(X) = ag X"+ a; X" ' +--- +a,
with coefficients in the field K, we define the linear map p(f): E — E by

p(f) = aof™ +ar f* -+ anid,
where f* = fo---o f, the k-fold composition of f with itself. Note that

p(f)(w) = aof"(u) + arf""H(u) + - + anu,

for every vector u € E. Then, we define a new kind of scalar multiplication -: K[X|xE — E
by polynomials as follows: for every polynomial p(X) € K[X], for every u € E,

p(X) - u=p(f)(u).

Y

It is easy to verify that this is a “good action,” which means that

p-(u+v)=p-u+p-v
(p+q) -u=p-utq-u
(pg) -u=p-(q-u)
1-u=u,
for all p,q € K[X] and all u,v € E. With this new scalar multiplication, £ is a K [X]-module.
If p= X is just a scalar in K (a polynomial of degree 0), then

A u = (Aid)(u) = Au,

which means that K acts on E by scalar multiplication as before. If p(X) = X (the monomial
X), then
X -u= f(u).

Now, if we pick a basis (eq,...,e,), if a polynomial p(X) € K[X] has the property that
p(X)-e,=0, i=1,...,n,

then this means that p(f)(e;) = 0 for ¢ = 1,...,n, which means that the linear map p(f)
vanishes on F. We can also check, as we did in Section 4.2, that if A and B are two n x n
matrices and if (uq, ..., u,) are any n vectors, then

U Uy
A-|B-| ] ]|=AB):

Unp, Unp,
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This suggests the plan of attack for our second proof of the Cayley—Hamilton theorem.
For simplicity, we prove the theorem for vector spaces over a field. The proof goes through
for a free module over a commutative ring.

Theorem 4.17. (Cayley—Hamilton) For every finite-dimensional vector space over a field
K, for every linear map f: E — E, for every basis (eq,...,e,), if A is the matriz over f
over the basis (e1,...,e,) and if

PAX)=X"+c X" '+t
is the characteristic polynomial of A, then
Pi(f) = f"4crf" '+ +cpid = 0.

Proof. Since the columns of A consist of the vector f(e;) expressed over the basis (eq, ..., €,),
we have

fle;) = Zaijeia I1<j<n.
i=1

Using our action of K[X]| on E, the above equations can be expressed as

n
X'ejzzaij'eia 1<j<mn,

i=1
which yields

-1

<.

—aij'€i+(X—ajj)'€j+Z—aij‘&;:o, 1§]§Tl

i=1 i=j+1

Observe that the transpose of the characteristic polynomial shows up, so the above system
can be written as

X —ap; —a21 —Qp1 €1 0
—ai2 X —agy - —Aap2 €2 0
—Q1n —Q2n X_ann €n O

If we let B = XI — AT, then as in the previous proof, if B is the transpose of the matrix of
cofactors of B, we have

BB = det(B)I = det(XI — AT)I = det(XI — A)I = P4I.

But then, since
€1 0
()] 0

€n 0



140 CHAPTER 4. DETERMINANTS

and since B is matrix whose entries are polynomials in K [X], it makes sense to multiply on
the left by B and we get

€1 (] €1 0 0
~ €9 ~ €9 €9 ~ 0 0
B-B = (BB) - = Pyl .| =B-1.]= ;
that is,
Py-e; =0, 7=1,...,n,
which proves that P4(f) = 0, as claimed. O]

If K is a field, then the characteristic polynomial of a linear map f: F — F is independent
of the basis (ey, ..., e,) chosen in E. To prove this, observe that the matrix of f over another
basis will be of the form P~'AP, for some inverible matrix P, and then

det(XI — P7'AP) = det(X P
= det(P~}(XI — A)P)
= det(P ') det(X T — A) det(P)
= det(X1 — A).

P~'IP — PT'AP)

Therefore, the characteristic polynomial of a linear map is intrinsic to f, and it is denoted
by’fﬁ.

The zeros (roots) of the characteristic polynomial of a linear map f are called the eigen-
values of f. They play an important role in theory and applications. We will come back to
this topic later on.

4.8 Permanents

Recall that the explicit formula for the determinant of an n x n matrix is
det(A) = Z 6(71-)@%(1)1 ©Qr(n)n-
TeES,
If we drop the sign €(7) of every permutation from the above formula, we obtain a quantity
known as the permanent:
per(A) = > ar)1 - Gaimyn-

7T€6n

Permanents and determinants were investigated as early as 1812 by Cauchy. It is clear from
the above definition that the permanent is a multilinear and symmetric form. We also have

per(A) = per(A"),
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and the following unsigned version of the Laplace expansion formula:
per(A) = a;iper(A;1) + - - - 4+ agper(A; ;) + - - + ajnper(A; ),

forv =1,...,n. However, unlike determinants which have a clear geometric interpretation as
signed volumes, permanents do not have any natural geometric interpretation. Furthermore,
determinants can be evaluated efficiently, for example using the conversion to row reduced
echelon form, but computing the permanent is hard.

Permanents turn out to have various combinatorial interpretations. One of these is in
terms of perfect matchings of bipartite graphs which we now discuss.

Recall that a bipartite (undirected) graph G = (V, E) is a graph whose set of nodes V' can
be partionned into two nonempty disjoint subsets V; and V5, such that every edge e € E has
one endpoint in V5 and one endpoint in V5. An example of a bipatite graph with 14 nodes
is shown in Figure 4.1; its nodes are partitioned into the two sets {x1, zo, 3, T4, T5, T6, 7}

and {yla Y2,Y3, Y4, Ys, Yo, y7}

Y7

X7

Figure 4.1: A bipartite graph G.

A matching in a graph G = (V, E) (bipartite or not) is a set M of pairwise non-adjacent
edges, which means that no two edges in M share a common vertex. A perfect matching is
a matching such that every node in V' is incident to some edge in the matching M (every
node in V' is an endpoint of some edge in M). Figure 4.2 shows a perfect matching (in red)
in the bipartite graph G.

Obviously, a perfect matching in a bipartite graph can exist only if its set of nodes has
a partition in two blocks of equal size, say {z1,...,2,} and {y1,...,ym}. Then, there is
a bijection between perfect matchings and bijections 7: {z1,...,2n} — {y1,...,ym} such
that 7(z;) = y; iff there is an edge between z; and y;.

Now, every bipartite graph GG with a partition of its nodes into two sets of equal size as
above is represented by an m x m matrix A = (a;;) such that a;; = 1 iff there is an edge
between x; and y;, and a;; = 0 otherwise. Using the interpretation of perfect machings as
bijections 7: {z1,...,zm} — {y1,...,Ym}, we see that the permanent per(A) of the (0,1)-
matrix A representing the bipartite graph G counts the number of perfect matchings in G.
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yr

X7

Figure 4.2: A perfect matching in the bipartite graph G.

In a famous paper published in 1979, Leslie Valiant proves that computing the permanent
is a #P-complete problem. Such problems are suspected to be intractable. It is known that
if a polynomial-time algorithm existed to solve a #P-complete problem, then we would have
P = NP, which is believed to be very unlikely.

Another combinatorial interpretation of the permanent can be given in terms of systems
of distinct representatives. Given a finite set S, let (A, ..., A,) be any sequence of nonempty
subsets of S (not necessarily distinct). A system of distinct representatives (for short SDR)
of the sets Ay, ..., A, is a sequence of n distinct elements (ay,...,a,), with a; € A; for i =
1,...,n. The number of SDR’s of a sequence of sets plays an important role in combinatorics.
Now, if S = {1,2,...,n} and if we associate to any sequence (Ai,...,A,) of nonempty
subsets of S' the matrix A = (a;;) defined such that a;; = 1 if j € A; and a;; = 0 otherwise,
then the permanent per(A) counts the number of SDR’s of the set Ay, ..., A,.

This interpretation of permanents in terms of SDR’s can be used to prove bounds for the
permanents of various classes of matrices. Interested readers are referred to van Lint and
Wilson [108] (Chapters 11 and 12). In particular, a proof of a theorem known as Van der
Waerden conjecture is given in Chapter 12. This theorem states that for any n x n matrix
A with nonnegative entries in which all row-sums and column-sums are 1 (doubly stochastic

matrices), we have

|
per(A) > —,

nn

with equality for the matrix in which all entries are equal to 1/n.

4.9 Summary
The main concepts and results of this chapter are listed below:
e permutations, transpositions, basics transpositions.

e Every permutation can be written as a composition of permutations.



4.9. SUMMARY 143

e The parity of the number of transpositions involved in any decomposition of a permu-
tation o is an invariant; it is the signature €(o) of the permutation o.

e Multilinear maps (also called n-linear maps); bilinear maps.
o Symmetric and alternating multilinear maps.

e A basic property of alternating multilinear maps (Lemma 4.5) and the introduction of
the formula expressing a determinant.

e Definition of a determinant as a multlinear alternating map D: M,,(K) — K such that
D(I)=1.

e We define the set of algorithms D,,, to compute the determinant of an n X n matrix.
e Laplace expansion according to the ith row; cofactors.

e We prove that the algorithms in D,, compute determinants (Lemma 4.6).

e We prove that all algorithms in D,, compute the same determinant (Theorem 4.7).
e We give an interpretation of determinants as signed volumes.

e We prove that det(A) = det(AT).

e We prove that det(AB) = det(A) det(B).

e The adjugate A of a matrix A.

e Formula for the inverse in terms of the adjugate.

e A matrix A is invertible iff det(A) # 0.

e Solving linear equations using Cramer’s rules.

e Determinant of a linear map.

e The characteristic polynomial of a matrix.

e The Cayley—Hamilton theorem.

e The action of the polynomial ring induced by a linear map on a vector space.

o Permanents.

e Permanents count the number of perfect matchings in bipartite graphs.

e Computing the permanent is a #P-perfect problem (L. Valiant).

e Permanents count the number of SDRs of sequences of subsets of a given set.
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4.10 Further Readings

Thorough expositions of the material covered in Chapter 1-3 and 4 can be found in Strang
[102, 101], Lax [66], Lang [62], Artin [6], Mac Lane and Birkhoff [70], Hoffman and Kunze
[58], Dummit and Foote [38], Bourbaki [19, 20], Van Der Waerden [107], Serre [95], Horn
and Johnson [55], and Bertin [12]. These notions of linear algebra are nicely put to use in
classical geometry, see Berger [9, 10], Tisseron [104] and Dieudonné [34].



Chapter 5

Gaussian Elimination,
LU-Factorization, Cholesky
Factorization, Reduced Row Echelon
Form

5.1 Motivating Example: Curve Interpolation

Curve interpolation is a problem that arises frequently in computer graphics and in robotics
(path planning). There are many ways of tackling this problem and in this section we will
describe a solution using cubic splines. Such splines consist of cubic Bézier curves. They
are often used because they are cheap to implement and give more flexibility than quadratic
Bézier curves.

A cubic Bézier curve C(t) (in R? or R3) is specified by a list of four control points
(bo, ba, ba, b3) and is given parametrically by the equation

C(t) = (1 —1)%by + 3(1 — )%t by 4 3(1 — £)t2 by + 7 b,

Clearly, C(0) = by, C(1) = b3, and for ¢ € [0, 1], the point C(t) belongs to the convex hull of
the control points by, b1, ba, b3. The polynomials

(1—t)3% 3(1—1t)%, 31—t ¢

are the Bernstein polynomials of degree 3.

Typically, we are only interested in the curve segment corresponding to the values of ¢ in
the interval [0, 1]. Still, the placement of the control points drastically affects the shape of the
curve segment, which can even have a self-intersection; See Figures 5.1, 5.2, 5.3 illustrating
various configuations.

145
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Figure 5.1: A “standard” Bézier curve

b1

b
0 by

Figure 5.2: A Bézier curve with an inflexion point
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bo b3

Figure 5.3: A self-intersecting Bézier curve

Interpolation problems require finding curves passing through some given data points and
possibly satisfying some extra constraints.

A Bézier spline curve F is a curve which is made up of curve segments which are Bézier
curves, say C1,...,Cy, (m > 2). We will assume that F' defined on [0,m], so that for
1=1,...,m,

Fit)y=Cit—i+1), i—1<t<i.

Typically, some smoothness is required between any two junction points, that is, between
any two points C;(1) and C;11(0), for i = 1,...,m — 1. We require that C;(1) = C;11(0)
(C°-continuity), and typically that the derivatives of C; at 1 and of Cj,; at 0 agree up to
second order derivatives. This is called C%-continuity, and it ensures that the tangents agree
as well as the curvatures.

There are a number of interpolation problems, and we consider one of the most common
problems which can be stated as follows:

Problem: Given N + 1 data points z, ..., 2y, find a C? cubic spline curve F such that
F(i)=x;foralli, 0 <i< N (N >2).

A way to solve this problem is to find N + 3 auxiliary points d_1,...,dyy1, called de
Boor control points, from which N Bézier curves can be found. Actually,

d_1=x9 and dyy1 =N
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so we only need to find N + 1 points dy,...,dy.

It turns out that the C%-continuity constraints on the N Bézier curves yield only N — 1
equations, so dy and dy can be chosen arbitrarily. In practice, dy and dy are chosen according
to various end conditions, such as prescribed velocities at zy and xy. For the time being, we
will assume that dy and dy are given.

Figure 5.4 illustrates an interpolation problem involving N +1 =7+ 1 = 8 data points.
The control points dy and d; were chosen arbitrarily.

do

dy
T2

X1 d7

ds
T3

Tg

XLy

Ty
dy

¢ .

Ty = d_l Ty — d8

Figure 5.4: A C? cubic interpolation spline curve passing through the points g, x1, 2, T3,
Ty, T5, Te, L7

It can be shown that dy,...,dy_1 are given by the linear system
% 1 dl 61’1 - %do
1 4 1 0 dg 6512'2
0 1 4 1 dn_2 62N _2
1 1) \dna 6rn_1 — Sdn

We will show later that the above matrix is invertible because it is strictly diagonally
dominant.
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Once the above system is solved, the Bézier cubics C1, ..., Cy are determined as follows
(we assume N > 2): For 2 <i < N — 1, the control points (b, b%, b5, b%) of C; are given by

bf) = Tij-1

. 2 1
b= Zdi_y + =d;
1 3 1 + 3

. 1 2
bZ - —di, —di
? 3 1 + 3

The control points (b}, b}, b3, b3) of C) are given by

b(l):l'o
b}:do

1 1
bt = =d —d
2=t t5h
bé:l'l,

and the control points (b}, bY, b5, b3) of Cy are given by
bév = IN-1
1 1
bY = sdy_1 + =d
1= 50N + 5 IN
bY =dy

b:j))v = TN.

We will now describe various methods for solving linear systems. Since the matrix of the
above system is tridiagonal, there are specialized methods which are more efficient than the
general methods. We will discuss a few of these methods.

5.2 Gaussian Elimination

Let A be an n x n matrix, let b € R™ be an n-dimensional vector and assume that A is
invertible. Our goal is to solve the system Az = b. Since A is assumed to be invertible,
we know that this system has a unique solution x = A~'h. Experience shows that two
counter-intuitive facts are revealed:

(1) One should avoid computing the inverse A™' of A explicitly. This is because this
would amount to solving the n linear systems Aul) = e;j for j = 1,...,n, where
e; =(0,...,1,...,0) is the jth canonical basis vector of R" (with a 1 is the jth slot).
By doing so, we would replace the resolution of a single system by the resolution of n
systems, and we would still have to multiply A=! by b.
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(2) One does not solve (large) linear systems by computing determinants (using Cramer’s
formulae). This is because this method requires a number of additions (resp. multipli-
cations) proportional to (n + 1)! (resp. (n+ 2)!).

The key idea on which most direct methods (as opposed to iterative methods, that look
for an approximation of the solution) are based is that if A is an upper-triangular matrix,
which means that a;; = 0 for 1 < j < i < n (resp. lower-triangular, which means that
a;; = 0 for 1 <i < j < n), then computing the solution z is trivial. Indeed, say A is an
upper-triangular matrix

ay; Aairz2 -+ QAip-2 A1n—1 A1n
0 age -+ agp-2 A2n—1 A2p
0 0 : :
A=
0 0 e 0 p—1n—-1 Qn—1n
0 o .- 0 0 Ay,

Then, det(A) = aj1as2 -+ apyp # 0, which implies that a;; # 0 for i = 1,...,n, and we can
solve the system Ax = b from bottom-up by back-substitution. That is, first we compute
x, from the last equation, next plug this value of z,, into the next to the last equation and
compute x,,_1 from it, etc. This yields

-1
Tp = a0y
—1
Tp—1 = anflnfl(bnfl - anflnxn)
—1
ry = all(bl — Q12T — **° — aln.an).

Note that the use of determinants can be avoided to prove that if A is invertible then
a;; # 0 for i =1,... n. Indeed, it can be shown directly (by induction) that an upper (or
lower) triangular matrix is invertible iff all its diagonal entries are nonzero.

If A is lower-triangular, we solve the system from top-down by forward-substitution.

Thus, what we need is a method for transforming a matrix to an equivalent one in upper-
triangular form. This can be done by elimination. Let us illustrate this method on the
following example:

2 + y + z = 5
dr — 06y = —2
—2r + Ty + 2z = 0.

We can eliminate the variable x from the second and the third equation as follows: Subtract
twice the first equation from the second and add the first equation to the third. We get the
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new system

2 + y + 2z = 5
- 8y — 2z = —12
8y + 3z = 14

This time, we can eliminate the variable y from the third equation by adding the second
equation to the third:

2 + y + 2z = 5
- 8y — 2z = —12
z = 2

This last system is upper-triangular. Using back-substitution, we find the solution: z = 2,
y=1 =1

Observe that we have performed only row operations. The general method is to iteratively
eliminate variables using simple row operations (namely, adding or subtracting a multiple of
a row to another row of the matrix) while simultaneously applying these operations to the
vector b, to obtain a system, M Ax = Mb, where M A is upper-triangular. Such a method is
called Gaussian elimination. However, one extra twist is needed for the method to work in
all cases: It may be necessary to permute rows, as illustrated by the following example:

r + vy + z =1
r + y + 3z =1
2v + 5y + 8z =1.

In order to eliminate x from the second and third row, we subtract the first row from the
second and we subtract twice the first row from the third:

r + y + z =1
2z =0
3y + 6z =-1

Now, the trouble is that y does not occur in the second row; so, we can’t eliminate y from
the third row by adding or subtracting a multiple of the second row to it. The remedy is
simple: Permute the second and the third row! We get the system:

r + vy + z =1
3y + 6z =-1
2z =0,

which is already in triangular form. Another example where some permutations are needed
is:
z = 1
—2r + Ty + 2z = 1
4r — 6y = —1.



152 CHAPTER 5. GAUSSIAN ELIMINATION, LU, CHOLESKY, ECHELON FORM

First, we permute the first and the second row, obtaining

2z 4+ Ty + 2z = 1
z = 1
dr — 06y = —1,

and then, we add twice the first row to the third, obtaining:

-2z + Ty + 2z = 1
z 1
8y + 4z = 1.

Again, we permute the second and the third row, getting

—2r + Ty + 2z =1
8y + 4z = 1
z = 1,

an upper-triangular system. Of course, in this example, z is already solved and we could
have eliminated it first, but for the general method, we need to proceed in a systematic
fashion.

We now describe the method of Gaussian Elimination applied to a linear system Ax = b,
where A is assumed to be invertible. We use the variable k to keep track of the stages of
elimination. Initially, & = 1.

(1) The first step is to pick some nonzero entry a;; in the first column of A. Such an
entry must exist, since A is invertible (otherwise, the first column of A would be the
zero vector, and the columns of A would not be linearly independent. Equivalently, we
would have det(A) = 0). The actual choice of such an element has some impact on the
numerical stability of the method, but this will be examined later. For the time being,
we assume that some arbitrary choice is made. This chosen element is called the pivot
of the elimination step and is denoted 7 (so, in this first step, m = a;1).

(2) Next, we permute the row (i) corresponding to the pivot with the first row. Such a
step is called pivoting. So, after this permutation, the first element of the first row is
NONZero.

(3) We now eliminate the variable x; from all rows except the first by adding suitable
multiples of the first row to these rows. More precisely we add —a;; /7 times the first
row to the ith row for i = 2,...,n. At the end of this step, all entries in the first
column are zero except the first.

(4) Increment k by 1. If k = n, stop. Otherwise, k& < n, and then iteratively repeat steps
(1), (2), (3) on the (n —k+ 1) x (n — k + 1) subsystem obtained by deleting the first
k —1 rows and k£ — 1 columns from the current system.
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If we let Ay = A and Ay = (agl;)) be the matrix obtained after k& — 1 elimination steps
(2 < k < n), then the kth elimination step is applied to the matrix Ay of the form

(k) (k) (k)

al 1 a:(lkz) “ .. .. .. a:(kanj
CL2 2 “ .. PR PR a2n
Ap = T o
g = Qg
an’f; s o®
Actually, note that
NORN0)
ij — Qi

for all 4,5 with 1 <7 <k —2 and ¢ < j < n, since the first £ — 1 rows remain unchanged
after the (k — 1)th step.

We will prove later that det(A;) = +det(A). Consequently, Ay is invertible. The fact
that A is invertible iff A is invertible can also be shown without determinants from the fact
that there is some invertible matrix M) such that A, = M, A, as we will see shortly.

Since Ay is invertible, some entry agl,? with k£ < i < n is nonzero. Otherwise, the last

n — k + 1 entries in the first £ columns of A; would be zero, and the first & columns of
Ay, would yield k vectors in R¥~!. But then, the first k& columns of A; would be linearly
dependent and A; would not be invertible, a contradiction.

So, one the entries agll? with & <7 < n can be chosen as pivot, and we permute the kth

row with the ith row, obtaining the matrix a® = (ozﬁ)). The new pivot is 7, = oc,gkk), and

we zero the entries ¢ = k4 1,...,n in column £k by adding —aﬁ)/ﬂk times row k to row i.
At the end of this step, we have A, ;. Observe that the first £ — 1 rows of A, are identical
to the first £ — 1 rows of Agiq.

The process of Gaussian elimination is illustrated in schematic form below:

X X X X
X X X X
X X X X
X X X X
!
© O o X
X X X X
X X X X
X X X X
o O O X
© O X X
X X X X
X X X X
S O O X
o O X X
o X X X
X X X X

5.3 Elementary Matrices and Row Operations

It is easy to figure out what kind of matrices perform the elementary row operations used
during Gaussian elimination. The key point is that if A = PB, where A, B are m X n
matrices and P is a square matrix of dimension m, if (as usual) we denote the rows of A and
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B by Aq,..., A, and By, ..., B,,, then the formula

m
Q5 = E pikbkj
k=1

giving the (4, j)th entry in A shows that the ith row of A is a linear combination of the rows
of B:

Ai=paBi+ -+ pimBn.

Therefore, multiplication of a matriz on the left by a square matrix performs row opera-
tions. Similarly, multiplication of a matrix on the right by a square matrix performs column
operations

The permutation of the kth row with the ith row is achieved by multiplying A on the left
by the transposition matriz P(i, k), which is the matrix obtained from the identity matrix
by permuting rows ¢ and k, i.e.,

Observe that det(P(i, k)) = —1. Furthermore, P(i, k) is symmetric (P(i, k)" = P(i, k)), and

P(i, k)™ = P(i, k).

During the permutation step (2), if row k£ and row i need to be permuted, the matrix A
is multiplied on the left by the matrix Py such that P, = P(i, k), else we set P, = I.

Adding f times row j to row i (with i # j) is achieved by multiplying A on the left by
the elementary matriz,

Eijs =1+ Be;j,
where

(1)1 = 1 ifk=iandl=j
BIRET N0 ifk£ior L4,
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1.€.,
Ei;g= or FEjg=
1 1

On the left, 7 > j, and on the right, ¢« < j. Observe that the inverse of E; ;.3 = I + [e;; is
E;;_3=1— fe;j and that det(E; j,3) = 1. Therefore, during step 3 (the elimination step),
the matrix A is multiplied on the left by a product Ej, of matrices of the form FEjy.g,,, with
i > k.

Consequently, we see that
Apy1 = Ep P Ay,

and then
Ak = Ekflpkfl te ElplA.

This justifies the claim made earlier that A, = M, A for some invertible matrix M}; we can
pick
My = Ey 1Py E1 Py,

a product of invertible matrices.

The fact that det(P(i,k)) = —1 and that det(E;;3) = 1 implies immediately the fact
claimed above: We always have

det(Ay) = = det(A).

Furthermore, since
Ay =Ex 1Py - E1PA

and since Gaussian elimination stops for k = n, the matrix
An = En—lpn—l te E2P2E1P1A

is upper-triangular. Also note that if welet M = E,, 1P, 1 --- E3PoEy Py, then det(M) = +1,
and

det(A) = £ det(A4,).

The matrices P(i,k) and E; ;.3 are called elementary matrices. We can summarize the
above discussion in the following theorem:
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Theorem 5.1. (Gaussian Elimination) Let A be an n X n matriz (invertible or not). Then
there is some invertible matriz M so that U = M A is upper-triangular. The pivots are all
nonzero iff A is invertible.

Proof. We already proved the theorem when A is invertible, as well as the last assertion.
Now, A is singular iff some pivot is zero, say at stage k of the elimination. If so, we must

have al(-],? =0fori=k,...,n; but in this case, Ay, 1 = A and we may pick P, = E, =1. [

Remark: Obviously, the matrix M can be computed as
M =FE, 1Py 1 E2PFE Py,

but this expression is of no use. Indeed, what we need is M ~!; when no permutations are
needed, it turns out that M ~! can be obtained immediately from the matrices E}’s, in fact,
from their inverses, and no multiplications are necessary.

Remark: Instead of looking for an invertible matrix M so that M A is upper-triangular, we
can look for an invertible matrix M so that M A is a diagonal matrix. Only a simple change
to Gaussian elimination is needed. At every stage, k, after the pivot has been found and
pivoting been performed, if necessary, in addition to adding suitable multiples of the kth
row to the rows below row k in order to zero the entries in column k for ¢ = k+1,...,n,
also add suitable multiples of the kth row to the rows above row k in order to zero the
entries in column k for ¢ = 1,...,k — 1. Such steps are also achieved by multiplying on
the left by elementary matrices Ejp.g,,, except that ¢ < k, so that these matrices are not
lower-triangular matrices. Nevertheless, at the end of the process, we find that A, = M A,
is a diagonal matrix.

This method is called the Gauss-Jordan factorization. Because it is more expensive than
Gaussian elimination, this method is not used much in practice. However, Gauss-Jordan
factorization can be used to compute the inverse of a matrix A. Indeed, we find the jth
column of A~! by solving the system Az() = e; (where e; is the jth canonical basis vector
of R™). By applying Gauss-Jordan, we are led to a system of the form Djx(j) = Mje;, where
D; is a diagonal matrix, and we can immediately compute ).

It remains to discuss the choice of the pivot, and also conditions that guarantee that no
permutations are needed during the Gaussian elimination process. We begin by stating a
necessary and sufficient condition for an invertible matrix to have an LU-factorization (i.e.,
Gaussian elimination does not require pivoting).

5.4 LU-Factorization

We say that an invertible matrix A has an LU -factorization if it can be written as A = LU,
where U is upper-triangular invertible and L is lower-triangular, with L;; = 1 fori =1,..., n.
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A lower-triangular matrix with diagonal entries equal to 1 is called a unit lower-triangular
matrix. Given an n x n matrix A = (a;;), for any k with 1 < k <mn, let A[1..k, 1..k] denote
the submatrix of A whose entries are a;;, where 1 <14, j < k.

Proposition 5.2. Let A be an invertible n X n-matriz. Then, A has an LU -factorization
A = LU iff every matriz A[l..k,1..k] is invertible for k = 1,... ,n. Furthermore, when A
has an LU -factorization, we have

det(A[l.k,1.k]) =mmy---m,, k=1,...,n,

where Ty is the pivot obtained after k — 1 elimination steps. Therefore, the kth pivot is given
by
a;; = det(A[1..1,1..1]) ifk=1
T = det(A[l..k,1..k]) k=2 .n
det(A[l.k —1,1..k — 1))

Proof. First, assume that A = LU is an LU-factorization of A. We can write
. AllLk, 1k A (L O Uy U\ (LU; LUy
N As Ay) \Ls Ly 0 Uy) \L3Uy L3Uy+ L,Uy)"’

where L, L, are unit lower-triangular and Uy, U, are upper-triangular. Thus,

All.k,1..k] = LUy,

and since U is invertible, U; is also invertible (the determinant of U is the product of the
diagonal entries in U, which is the product of the diagonal entries in U; and Uy). As L is
invertible (since its diagonal entries are equal to 1), we see that A[l..k, 1..k] is invertible for
k=1,...,n.

Conversely, assume that A[l..k, 1..k] is invertible for £ = 1,...,n. We just need to show
that Gaussian elimination does not need pivoting. We prove by induction on k that the kth
step does not need pivoting.

This holds for k = 1, since A[1..1,1..1] = (a11), so a;1 # 0. Assume that no pivoting was
necessary for the first £ — 1 steps (2 < k <n —1). In this case, we have

Ep 1 By By A = Ay,

where L = Ej_;---FyE; is a unit lower-triangular matrix and Ag[1..k,1..k] is upper-
triangular, so that LA = A, can be written as

Ly 0\ (A[l.k,1.k] A\ (U B
L3 L4 Ag A4 N 0 B4 ’

where L, is unit lower-triangular and U; is upper-triangular. But then,

LiA[L. K, 1..k]) = Uy,
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where Ly is invertible (in fact, det(L;) = 1), and since by hypothesis A[1..k, 1..k] is invertible,
Uj is also invertible, which implies that (Uy ) # 0, since U; is upper-triangular. Therefore,
no pivoting is needed in step k, establishing the induction step. Since det(L;) = 1, we also
have

det(Uy) = det(L1 A[l..k, 1..k]) = det(L;) det(A[l..k, 1..k]) = det(A[l..k, 1..k]),
and since U, is upper-triangular and has the pivots 7y, ..., 7 on its diagonal, we get
det(A[l.k,1.k])) = mmy -+ m,, k=1,...,n,

as claimed. O

Remark: The use of determinants in the first part of the proof of Proposition 5.2 can be
avoided if we use the fact that a triangular matrix is invertible iff all its diagonal entries are
nonzero.

Corollary 5.3. (LU-Factorization) Let A be an invertible n X n-matriz. If every matric
A[l..k,1..k] is invertible for k = 1,...,n, then Gaussian elimination requires no pivoting
and yields an LU -factorization A = LU.

Proof. We proved in Proposition 5.2 that in this case Gaussian elimination requires no
pivoting. Then, since every elementary matrix E; .5 is lower-triangular (since we always
arrange that the pivot m; occurs above the rows that it operates on), since E; kl; 5 = Eik-p
and the Ej s are products of Eir:,0’s) from

En,1 e EQElA - U,
where U is an upper-triangular matrix, we get
A= LU,

where L = E;'E;'---E ! is a lower-triangular matrix. Furthermore, as the diagonal
entries of each Fj, .3 are 1, the diagonal entries of each Ej, are also 1. O

The reader should verify that the example below is indeed an LU-factorization.

S O N

1
1
0

— = O O
_0 O O
NN~ O

1
1
2
0

O© O© W =
o Ot — O
W = DN =
= W = O

0 0

S 00 = N
~N N W~

One of the main reasons why the existence of an LU-factorization for a matrix A is
interesting is that if we need to solve several linear systems Az = b corresponding to the
same matrix A, we can do this cheaply by solving the two triangular systems

Lw=0>b, and Uz = w.
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There is a certain asymmetry in the LU-decomposition A = LU of an invertible matrix A.
Indeed, the diagonal entries of L are all 1, but this is generally false for U. This asymmetry
can be eliminated as follows: if

D = diag(uq1, usg, . . ., Unn)

is the diagonal matrix consisting of the diagonal entries in U (the pivots), then we if let
U’ = DU, we can write

A= LDU,

where L is lower- triangular, U’ is upper-triangular, all diagonal entries of both L and U’ are
1, and D is a diagonal matrix of pivots. Such a decomposition is called an LDU -factorization.
We will see shortly than if A is symmetric, then U’ = L.

As we will see a bit later, symmetric positive definite matrices satisfy the condition of
Proposition 5.2. Therefore, linear systems involving symmetric positive definite matrices can
be solved by Gaussian elimination without pivoting. Actually, it is possible to do better:
This is the Cholesky factorization.

If a square invertible matrix A has an LU-factorization, then it is possible to find L and U
while performing Gaussian elimination. Recall that at step k, we pick a pivot m, = agz) #0
in the portion consisting of the entries of index j > k of the k-th column of the matrix Ay
obtained so far, we swap rows ¢ and k if necessary (the pivoting step), and then we zero the

entries of index j = k+1,...,n in column k. Schematically, we have the following steps:
X X X X X X X X X X X X X X X
0 x X x X . (k)
pivot 0 a;,” X X X oli 0 x x x X
0 X X X X|'= |0 x x x x|=1]1]0 0 x x X
0 az(.,]:;) X X X 0 x x x X 0 0 X X X
0 X X X 0 X X X X 0 0 X X X

More precisely, after permuting row k& and row 4 (the pivoting step), if the entries in column
k below row k are ajiig, .- ., 0k, then we add —oyy, /7, times row k to row j; this process
is illustrated below:

i W o

Api1k A1k Okt 1k 0
: pi:vgt : B : elg;

S el I el P Rl
(k) (k) Qi 0
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Then, if we write {;; = a;x/m for j =k +1,...,n, the kth column of L is

0

0

1
otk

Enk
Observe that the signs of the multipliers —a, /7, have been flipped. Thus, we obtain the
unit lower triangular matrix

1 0 0

621 1 0
L = Egl 532 1

_ o O O O

gnl €n2 €n3

It is easy to see (and this is proved in Theorem 5.5) that the inverse of L is obtained from
L by flipping the signs of the ¢;;:

1 0 0
—ly 1 0

L=l —l3 1

_ o O O O

_Enl _€n2 _€n3

Furthermore, if the result of Gaussian elimination (without pivoting) is U = E,_; --- E1 A,
then

1 0 0 0 1 0 0 0

o --- 1 0O --- 0 1|0 1 0 0
B = 0 -+ —lggixp 1 -+ 0 and  By" = 0 Cerre 1 01’

0 v —L, 0 --- 1 0 v L, 0 --- 1

so the kth column of Ej, is the kth column of L.

Here is an example illustrating the method. Given

1 1 1 0

1 -1 0 1
A=4, = 1 1 =1 0]

1 -1 0 =1
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we have the following sequence of steps: The first pivot is 7; = 1 in row 1, and we substract
row 1 from rows 2, 3, and 4. We get

11 1 0 1000
0 -2 -1 1 1100
=1y 0 —2 0 Li=11 01 0
0 -2 -1 -1 1 001
The next pivot is my = —2 in row 2, and we subtract row 2 from row 4 (and add 0 times row
2 to row 3). We get
1 1 1 0 1000
0 -2 -1 1 1100
A=y o —2 o0 La=11 01 0
0o 0 0 =2 1101
The next pivot is m13 = —2 in row 3, and since the fourth entry in column 3 is already a zero,
we add 0 times row 3 to row 4. We get
1 1 1 0 1000
0 -2 -1 1 1100
A=l 0 —2 o0 La=11 01 0
0o 0 0 =2 1101
The procedure is finished, and we have
1000 1 1 1 0
1100 0 -2 -1 1
L=Ls=11 910 U=4=10 0 -2 o0
1 101 0O 0 0 =2
It is easy to check that indeed
1 000 11 1 0 11 1 0
1100 0 -2 -1 1 1 -1 0 1
=11 010]loo =2 o= |1 1 =1 of =%
1101 0o 0 0 -2 1 -1 0 -1

We now show how to extend the above method to deal with pivoting efficiently. This is
the PA = LU factorization.

5.5 PA = LU Factorization

The following easy proposition shows that, in principle, A can be premultiplied by some
permutation matrix P, so that PA can be converted to upper-triangular form without using
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any pivoting. Permutations are discussed in some detail in Section 4.1, but for now we
just need their definition. A permutation matriz is a square matrix that has a single 1
in every row and every column and zeros everywhere else. It is shown in Section 4.1 that
every permutation matrix is a product of transposition matrices (the P(i, k)s), and that P
is invertible with inverse P'.

Proposition 5.4. Let A be an invertible n x n-matriz. Then, there is some permutation
matriz P so that (PA)[1..k, 1..k] is invertible for k =1,... n.

Proof. The case n = 1 is trivial, and so is the case n = 2 (we swap the rows if necessary). If
n > 3, we proceed by induction. Since A is invertible, its columns are linearly independent;
in particular, its first n — 1 columns are also linearly independent. Delete the last column of
A. Since the remaining n — 1 columns are linearly independent, there are also n — 1 linearly
independent rows in the corresponding n x (n — 1) matrix. Thus, there is a permutation
of these n rows so that the (n — 1) x (n — 1) matrix consisting of the first n — 1 rows is
invertible. But, then, there is a corresponding permutation matrix P;, so that the first n — 1
rows and columns of P;A form an invertible matrix A’. Applying the induction hypothesis
to the (n — 1) x (n — 1) matrix A’, we see that there some permutation matrix P, (leaving
the nth row fixed), so that PP, A[l..k,1..k] is invertible, for Kk = 1,...,n — 1. Since A is
invertible in the first place and P; and P, are invertible, P, P, A is also invertible, and we are
done. O

Remark: One can also prove Proposition 5.4 using a clever reordering of the Gaussian
elimination steps suggested by Trefethen and Bau [105] (Lecture 21). Indeed, we know that
if A is invertible, then there are permutation matrices P; and products of elementary matrices
E;, so that

A, =FE, 1P, 1--E;P,E1P A,

where U = A,, is upper-triangular. For example, when n = 4, we have E3PsEy Po,EyPLA =U.
We can define new matrices £}, EY, E5 which are still products of elementary matrices so
that we have

E{E E PsPyPLA = U.
Indeed, if we let B} = E3, By = P3E,P; ) and B = PyP,E Py ' Py ', we easily verify that
each Fj is a product of elementary matrices and that

EéEéEingPQPl - E3(P3E2P371)<P3P2E1P271P371>P3P2P1 = E3P3E2P2E1P1.

It can also be proved that EY, FY, EY are lower triangular (see Theorem 5.5).

In general, we let
n—1»

E;QZPn—1"'Pk+1EkPk_+11"'P_1

and we have
E |- EPy,---PA=T,
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where each E is a lower triangular matrix (see Theorem 5.5).

It is remarkable that if pivoting steps are necessary during Gaussian elimination, a very
simple modification of the algorithm for finding an LU-factorization yields the matrices L, U,
and P, such that PA = LU. To describe this new method, since the diagonal entries of L
are 1s, it is convenient to write

L=1+A.

Then, in assembling the matrix A while performing Gaussian elimination with pivoting, we
make the same transposition on the rows of A (really Ax_;) that we make on the rows of A
(really Aj) during a pivoting step involving row k& and row i. We also assemble P by starting
with the identity matrix and applying to P the same row transpositions that we apply to A
and A. Here is an example illustrating this method. Given

1 1 1 0

1 1 -1 0
A=4, = 1 -1 0 1]

1 -1 0 -1

we have the following sequence of steps: We initialize Ag = 0 and Py = I4. The first pivot is
m = 1 in row 1, and we substract row 1 from rows 2, 3, and 4. We get

1 1 1 0 0000 1 0 00
0O 0 -2 0 1 0 00 01 00
=1y 9 1 M=11000] BT oo 10
0o -2 -1 -1 1 0 00 0001
The next pivot is 1y = —2 in row 3, so we permute row 2 and 3; we also apply this permutation
to A and P:
1 1 1 0 00 00 1 0 0 0
, 10 =2 -1 1 , |1 000 10010
AB=10 0 —2 o0 L=11000] 2 lo1o0o0
0o -2 -1 -1 1 0 00 0001
Next, we subtract row 2 from row 4 (and add 0 times row 2 to row 3). We get
1 1 1 0 00 00 1 0 00
0o -2 -1 1 1 0 00 0010
=10 0 —2 o0 =11 000] 27lo1o0o0
0 O 0 -2 11 00 0001
The next pivot is m3 = —2 in row 3, and since the fourth entry in column 3 is already a zero,
we add 0 times row 3 to row 4. We get
1 1 1 0 00 0O 1 0 0 0
0 -2 -1 1 1 0 00 0010
=10 0 —2 o B=11000] B=lo1o0o0
0 0 0 -2 11 00 0001
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The procedure is finished, and we have

1 000 1 1 1 0 1000
1 100 0 -2 -1 1 0010
L=fstl=101 g1 of U=4=|g o 2 o "=B=10100
1101 0 0 0 =2 0001
It is easy to check that indeed
10 00 1 1 1 0 1 1 1 0
1 100 0 -2 —1 1 1 -1 0 1
LU = 1 010 o 0 -2 0] |1 1 -1 0
11 01 0 0 0 -2 1 -1 0 -1
and
1000 1 1 1 0 1 1 1 0
0010 1 1 -1 0 1 -1 0 1
PA= 01 00 1 -1 0 1 11 -1 0
0 001 1 -1 0 -1 1 -1 0 -1

Using the idea in the remark before the above example, we can prove the theorem below
which shows the correctness of the algorithm for computing P, L and U using a simple
adaptation of Gaussian elimination.

We are not aware of a detailed proof of Theorem 5.5 in the standard texts. Although
Golub and Van Loan [49] state a version of this theorem as their Theorem 3.1.4, they say
that “The proof is a messy subscripting argument.” Meyer [74] also provides a sketch of
proof (see the end of Section 3.10). In view of this situation, we offer a complete proof.
It does involve a lot of subscripts and superscripts, but in our opinion, it contains some
interesting techniques that go far beyond symbol manipulation.

Theorem 5.5. For every invertible n X n-matriz A, the following hold:

(1) There is some permutation matrixz P, some upper-triangular matriz U, and some unit
lower-triangular matriz L, so that PA = LU (recall, L;; = 1 fori =1,...,n). Fur-
thermore, if P = I, then L and U are unique and they are produced as a result of
Gaussian elimination without pivoting.

(2) If E,,_1...E1A = U is the result of Gaussian elimination without pivoting, write as
usual Ay = Ey_1 ... E1A (with Ay, = (ag?))), and let {;, = agz)/aﬁ), withl <k<n-—1
and k+1 <3 <n. Then

1 0 0
by 1 0
L= |0l f3 1

_— o O O O

gnl €n2 ‘€n3



5.5. PA= LU FACTORIZATION 165

(3)

where the kth column of L is the kth column of Ek_l, fork=1,...,n—1.

If B, 1P, 1---E1PLA = U 1is the result of Gaussian elimination with some pivoting,
write Ay = By 1Py_1 -+ F1PL A, and define EJ’?, withl<j<n—1landj<k<n-1,
such that, for j=1,...,n—2,

E]]-:E-

J

E]’?:PkE;?_IPk7 fork=j53+1,...,n—1,

and
Eg:ll = En—l-
Then,
Ejk = PPy P E;Pjiy - P P
U=E, |- E"'Pyy-- PIA,

and if we set

P=P, P
L= By~ (E)™
then
PA=LU.

Furthermore,
(BN =I+€, 1<j<n-1j<k<n-—1,

where Sj’? 1s a lower triangular matrix of the form

0o --- 0O 0 --- 0
ok 0o --- O 0 --- 0
J 0o --- €j+1j 0 --- 0
0 ... gg‘;) 0 --- 0
we have
E_ k
and

Er=RE&, 1<j<n-2j+1<k<n-1,

where Py = I or else P, = P(k,i) for some i such that k+1 < i < n; if P, # I, this
means that (E;’-“)_1 is obtained from (l?]’~“_l)_1 by permuting the entries on row i and
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k in column j. Because the matrices (E;“)’1 are all lower triangular, the matriz L is
also lower triangular.

In order to find L, define lower triangular matrices Ay of the form

0 0 0 0 0
A0 0 00 0
ARl 0 0 0

: : 0 0 :

Ay = k k k
)\24211 A5€4212 )\l(chlk 0 0

k k k
)\24221 A5€4222 )\](€<22k 0 0
AB BB g

to assemble the columns of L iteratively as follows: let
(k) (k)
(_€k+1k7 T _gnk)

be the last n — k elements of the kth column of Ey, and define Ay inductively by setting

0O 0 - 0
. JASI) 0
1 — . ’
A 0
then for k=2,...,n—1, define
A, = Pulg_1,
and
0 0 0 0 0 0
AED g 0 0 0
AN D 0 0 0
: : - 0 0 : D
Ae=(T+MN)E] —T= | oe1) kot (k=1 ;
k) )\k(l ) )‘k(Z ) L. )\k((kii) 0 v - 0
"(k—1 "(k—1 "(k—1 k
/\k(+11) /\k(+12) T )‘k(+1(1371) él(wzlk 0
N I U R R

nl n2 nk—1 nk
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with P, = I or P, = P(k,i) for some i > k. This means that in assembling L, row k
and row i of Ai_1 need to be permuted when a pivoting step permuting row k and row
1 of Ay is required. Then

I+ A= (B (B
Ay =&k gk,

fork=1,...,n—1, and therefore

L = [+An71-

Proof. (1) The only part that has not been proved is the uniqueness part (when P = I).
Assume that A is invertible and that A = L,U; = LyUs,, with Ly, Ly unit lower-triangular
and Uy, Uy upper-triangular. Then, we have

Ly'Ly = Uy U

However, it is obvious that L, is lower-triangular and that U; ! is upper-triangular, and so
Ly'Ly is lower-triangular and U,U; ' is upper-triangular. Since the diagonal entries of L,
and Ly are 1, the above equality is only possible if UyU; ' = I, that is, U; = U,, and so
Ll = LQ.

(2) When P = I, we have L = E;'E;*---E.!,, where Ej is the product of n — k
elementary matrices of the form Fj, ;._,,, where E; .y, subtracts ¢; times row k from row ¢,
with £, = ag,l:)/a,(cz), 1<k<n-—1,and k+1 <1 <n. Then, it is immediately verified that

1 ... 0O 0 --- 0
0 1 0 0
Ee=1o .. g 1 - 0
0 —lp O 1
and that
1 0 0o - 0
0 1 0o - 0
-1 _
EC=1o o g 1 0
0 b O 1
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If we define L, by

1 0 0 0 0 0

25 1 0 0 O 0

(31 U39 0 0 0

be=1 : 1 0 0
leyir Uiz 0 L 1 0

: : : 0 0

U1 L S | 1

for k=1,...,n — 1, we easily check that L, = E;*', and that
Lpy=L,,E', 2<k<n-—1,

because multiplication on the right by E; ' adds ¢; times column i to column k (of the matrix
Ly_1) with ¢ > k, and column ¢ of Lj;_; has only the nonzero entry 1 as its ith element.
Since

Ly=FE'-E', 1<k<n-1,

we conclude that L = L,_1, proving our claim about the shape of L.

(3) First, we prove by induction on k that
Appr=EF-- EFP,-- PA, k=1,...,n—2.

For k =1, we have Ay = By PLA = E} P/ A, since E} = Ej, so our assertion holds trivially.

Now, if k > 2,
A1 = Ep P Ay,

and by the induction hypothesis,
Ay =EFl ENENIP - PA

Because Py is either the identity or a transposition, PZ = I, so by inserting occurrences of
P, P, as indicated below we can write

Ap1 = Ex B Ay,
= EyPEy | - Ey By ' By PLA
= E Py EF (PP - (PoP) ES (PP EY Y (PP )Py - PLA
= Ex(PoEf_{ Py) -+ - (PoES ' Py) (P EY ™' P) PPy - - PLA.

Observe that P, has been “moved” to the right of the elimination steps. However, by
definition,

Ef =PE P, j=1,...k-1
EF = B,
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so we get
Ap1 = EFEY - ESEFP,--- PA,

establishing the induction hypothesis. For k =n — 2, we get
U=A,_, = E,?le . "Ef‘_lpn_l .- PA,

as claimed, and the factorization PA = LU with

P=Py i P
L=(Ey )™ (En)™
is clear,
Since for j =1,...,n — 2, we have Ej =F;

E;?:pkE]’?—lpk, k=j+1,...,n—1,

since £} = E,_; and Pk_1 = P, we get (Ej)‘1 = Ej_1 for y = 1,...,n — 1, and for
J=1,...,n—2 we have

(Ef)_l :Pk(Effl)_lpk, k=j+1,...,n—1

Since
E—1\—1 k—1
(Ej ) =1+ €j

and P, = P(k,i) is a transposition, P? = I, so we get
(B)) ' =P(Ey ) ' Po=P(I+&E P =P+ P& Po=14 P& P
Therfore, we have

(Ef) ' =1+P&'P, 1<j<n-2j+1<k<n-L

We prove for j =1,...,n—1, that for k =j,...,n—1, each S]’? is a lower triangular matrix
of the form
O --- 0 0 --- 0
ok 0 0O 0 - 0
= (k) )
J 0 liyy; 0 0
0 @9 0 0
and that

Er=RE, 1<j<n-2j+1<k<n-1,
with P, = I or P, = P(k,i) for some i such that k+1 <i < mn.
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For each j (1 < j <n —1) we proceed by induction on k = j,...,n — 1. Since (Ejj.')*1 =

E; I and since E; 1is of the above form, the base case holds.

For the induction step, we only need to consider the case where P, = P(k, i) is a trans-
position, since the case where P, = [ is trivial. We have to figure out what P 5;“’1 P, =
P(k,i)gf’l P(k,1) is. However, since

0 --- 0O 0 --- 0
0 --- 0O 0 --- 0
k—1 __
& =10 ... D0 ol
0 .. gg;_l) 0 --- 0

and because £k +1 < i < n and 5 < k — 1, multiplying 5]'?_1 on the right by P(k,i) will
permute columns ¢ and k, which are columns of zeros, so

P(k,i) EF P(k,i) = P(k,i) £,

and thus,
ky—1 . k—1

which shows that
EF = P(k,i) &

We also know that multiplying (5;“’1)_1 on the left by P(k,i) will permute rows i and
k, which shows that £F has the desired form, as claimed. Since all Sf are strictly lower
triangular, all (E;'?)_1 =1+ 8;“ are lower triangular, so the product

L= By (Bpm) ™

is also lower triangular.

From the beginning of part (3), we know that
L=(Er )" (B
We prove by induction on k that

It A= (BY)7 - (B
A= &g,

fork=1,...,n—1.
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If k=1, we have E] = F; and

1 0 0
o i 1 0
1 — .
.1
SN 1
We get
1 0 0
IO NE T
BN =T =1

Since (E; N ™' =1+ &, we also get A, = £}, and the base step holds.
Since (Ef)™" = I 4 £ with

0 0o 0 - 0

o |0 0 0 - 0
= (k) )

=0 e M0 0

0 .. gfz) 0 --- 0

as in part (2) for the computation involving the products of Lj’s, we get
(B (B =T4E7 &7, 2<k<n (+)
Similarly, from the fact that £F~' P(k,i) = €' if i > k+ 1 and j < k — 1 and since
(EN'=I+RE™, 1<j<n—-2j+1<k<n-—1,

we get
(BY) o (Bey) " =T+ R &5, 2<k<n—1 (%)

By the induction hypothesis,
[+ Aoy = (By) (B

and from (x), we get

Ap =&t gt
Using (xx), we deduce that

(EY) ™ (By_y) =1+ Pl
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Since Ef = E},, we obtain
(EY) ™ (Br) T (B ™ = (I + Peb) B
However, by definition
I+A, =+ PA1)E,
which proves that
I+ A= (BN (B~ (B, (1)
and finishes the induction step for the proof of this formula.

If we apply equation () again with & + 1 in place of k, we have
(BY) ™ (Bp) T =T+ & &

and together with (1), we obtain,
A =EF---&F,

also finishing the induction step for the proof of this formula. For £ = n —1 in (}), we obtain
the desired equation: L =1+ A,_1. O

We emphasize again that part (3) of Theorem 5.5 shows the remarkable fact that in
assembling the matrix L while performing Gaussian elimination with pivoting, the only
change to the algorithm is to make the same transposition on the rows of A,_; that we
make on the rows of A (really Aj) during a pivoting step involving row k£ and row i. We
can also assemble P by starting with the identity matrix and applying to P the same row
transpositions that we apply to A and A. Here is an example illustrating this method.

Consider the matrix

1 2 -3 4
4 8 12 -8
A= 2 3 2 1
-3 -1 1 -4

We set Py = I, and we can also set Ag = 0. The first step is to permute row 1 and row 2,
using the pivot 4. We also apply this permutation to Fy:

4 8 12 -8 0100
, |1 2 -3 4 |t oo0o0
A1_2321 P1_0010
-3 -1 1 -4 0001

Next, we subtract 1/4 times row 1 from row 2, 1/2 times row 1 from row 3, and add 3/4
times row 1 to row 4, and start assembling A:

4 8 12 -8 0 000 0100
o 0o -6 6 |14 000 {too0o0
=1y 1 24 5 A= 1/2 0 0 0 P=1o 010

0 5 10 —10 —3/4 0 0 0 0001
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Next we permute row 2 and row 4, using the pivot 5. We also apply this permutation to A
and P:

4 8 12 -8 0 00O 0100
, 10 5 10 —10 , | -3/4 0 0 0 10 0 0 1
A=1o 1 24 5 Az = 1/2 0 0 0 =190 10
0 0 -6 ©6 /4 000 1000
Next we add 1/5 times row 2 to row 3, and update Al:
4 8 12 =8 0 0 00 0100
10 5 10 -10 _-3/4 0 00 10 0 0 1
A4=100 -2 3 Ay = 1/2 —1/5 0 0 =100 10
00 -6 6 1/4 0 00 1000
Next we permute row 3 and row 4, using the pivot —6. We also apply this permutation to
A and P:
4 8 12 -8 0 0 00 0100
, |0 5 10 —10 , |-3/4 0 00 10 001
Ay = 00 -6 6 Ag = 1/4 0 00 Py = 1000
00 -2 3 1/2 —=1/5 0 0 0010
Finally, we subtract 1/3 times row 3 from row 4, and update A}:
4 8 12 -8 0 0 0 0 0100
10 5 10 -10 | -3/4 0 0 0 10 0 0 1
A=100 26 6 Ay = /4 0 0 0 B=11900
00 0 1 1/2 —-1/5 1/3 0 0010
Consequently, adding the identity to Az, we obtain
1 0 0 0 4 8 12 =8 0100
=374 1 0 0 10 5 10 -10 10 0 0 1
L= 1/4 0 1 0]’ U= 00 —6 6 |’ P= 1000
/2 —-1/5 1/3 1 0 0 O 1 0010
We check that
0100 1 2 -3 4 4 8 12 -8
0001 4 8 12 =8 -3 -1 1 -4
PA= 1 000 2 3 2 111 |1 2 =3 4]
0010 -3 -1 1 -4 2 3 2 1
and that
1 0 0 0 4 8 12 =8 4 8 12 =8
1 -3/4 1 0 0 05 10 =10 (-3 -1 1 —4]
Ly 1/4 0 1 0 00 -6 6 1 2 -3 4 PA.
/2 —-1/5 1/3 1 0 0 O 1 2 3 2 1



174 CHAPTER 5. GAUSSIAN ELIMINATION, LU, CHOLESKY, ECHELON FORM

Note that if one willing to overwrite the lower triangular part of the evolving matrix A,
one can store the evolving A there, since these entries will eventually be zero anyway! There
is also no need to save explicitly the permutation matrix P. One could instead record the
permutation steps in an extra column (record the vector (7(1),...,m(n)) corresponding to
the permutation 7 applied to the rows). We let the reader write such a bold and space-
efficient version of LU-decomposition!

As a corollary of Theorem 5.5(1), we can show the following result.

Proposition 5.6. If an invertible symmetric matrix A has an LU-decomposition, then A

has a factorization of the form
A=LDL",

where L is a lower-triangular matriz whose diagonal entries are equal to 1, and where D
consists of the pivots. Furthermore, such a decomposition is unique.

Proof. If A has an LU-factorization, then it has an LDU factorization
A= LDU,

where L is lower-triangular, U is upper-triangular, and the diagonal entries of both L and
U are equal to 1. Since A is symmetric, we have

LDU=A=A"=U"DL",

with UT lower-triangular and DLT upper-triangular. By the uniqueness of LU-factorization
(part (1) of Theorem 5.5), we must have L = U" (and DU = DL"), thus U = L', as
claimed. 0

Remark: It can be shown that Gaussian elimination + back-substitution requires n®/3 +
O(n?) additions, n®/3 + O(n?) multiplications and n?/2 + O(n) divisions.

5.6 Dealing with Roundoff Errors; Pivoting Strategies

Let us now briefly comment on the choice of a pivot. Although theoretically, any pivot can
be chosen, the possibility of roundoff errors implies that it is not a good idea to pick very
small pivots. The following example illustrates this point. Consider the linear system

107% + y = 1
r + y = 2.

Since 10~* is nonzero, it can be taken as pivot, and we get

1074z + Y = 1
(1-10Yy = 2-—10%
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Thus, the exact solution is
10% 104 -2

T R T
However, if roundoff takes place on the fourth digit, then 10* — 1 = 9999 and 10* — 2 = 9998
will be rounded off both to 9990, and then the solution is z = 0 and y = 1, very far from the
exact solution where x ~ 1 and y &~ 1. The problem is that we picked a very small pivot. If

instead we permute the equations, the pivot is 1, and after elimination, we get the system

T + Y = 2
(1-101Yy = 1—-2x10""%

This time, 1 — 107* = 0.9999 and 1 — 2 x 10~% = 0.9998 are rounded off to 0.999 and the
solution is x = 1,y = 1, much closer to the exact solution.

To remedy this problem, one may use the strategy of partial pivoting. This consists of
choosing during step k& (1 < k < n — 1) one of the entries agl;;) such that

(k) _ (k)
gy | = krg;?g}% |apk:|‘

By maximizing the value of the pivot, we avoid dividing by undesirably small pivots.

Remark: A matrix, A, is called strictly column diagonally dominant iff

|ajj|> Z |CLZ‘]’|, fOI‘jzl,...,TL
i=1,ij
(resp. strictly row diagonally dominant iff
jazil > Y aig|, fori=1,...,n)
=1, j#i
It has been known for a long time (before 1900, say by Hadamard) that if a matrix A
is strictly column diagonally dominant (resp. strictly row diagonally dominant), then it is
invertible. (This is a good exercise, try it!) It can also be shown that if A is strictly column
diagonally dominant, then Gaussian elimination with partial pivoting does not actually re-
quire pivoting (See Problem 21.6 in Trefethen and Bau [105], or Question 2.19 in Demmel
[33]).

Another strategy, called complete pivoting, consists in choosing some entry a
k <1i,5 <mn, such that

(k)

i;» where

0 = (k)
iy’ | = max la,|.

However, in this method, if the chosen pivot is not in column k, it is also necessary to
permute columns. This is achieved by multiplying on the right by a permutation matrix.
However, complete pivoting tends to be too expensive in practice, and partial pivoting is the
method of choice.

A special case where the LU-factorization is particularly efficient is the case of tridiagonal
matrices, which we now consider.
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5.7 Gaussian Elimination of Tridiagonal Matrices

Consider the tridiagonal matrix

by ¢
as bo C2
a3 b3 C3

Ap—2 bn—? Cn—2
Qp—1 bnfl Cn—1
an by

Define the sequence
0o =1, 01 =0b1, Op="0bp0p—1 — arCr_10k—2, 2=<k<n.
Proposition 5.7. If A is the tridiagonal matriz above, then 6, = det(A[l..k,1..k]) for

k=1,...,n.
Proof. By expanding det(A[l..k, 1..k]) with respect to its last row, the proposition follows
by induction on k. O

Theorem 5.8. If A is the tridiagonal matriz above and o # 0 for k =1,...,n, then A has
the following LU -factorization:

1 é C1
ao— 1 Y2
51 5 Co
51 1 5
CL35— 1 “3 cs
A= 2 09
An—1 571—3 ]- 671—1
571—2 5 Cn—1
6n72 n—2 5
(7% 1 n
(5n71 5n—1

Proof. Since o), = det(A[l..k,1..k]) # 0 for k = 1,...,n, by Theorem 5.5 (and Proposition
5.2), we know that A has a unique LU-factorization. Therefore, it suffices to check that the
proposed factorization works. We easily check that

(LU)kk+1 = Cg, 1§]€§7’L—1

(LU)kk—1 = ar, 2<k<n

(LU = 0, |k—=1]=2
)
(LU)ll — (5_1 — b1
0
(LU)gr = GiCh-10e2 O _ b, 2<k<n,

Ok—1
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since 5k = bkék—l — akck_ldk_g. ]

It follows that there is a simple method to solve a linear system Ax = d where A is
tridiagonal (and d; # 0 for £k = 1,...,n). For this, it is convenient to “squeeze” the diagonal
matrix A defined such that Ay = d;/d;_1 into the factorization so that A = (LA)(A™'U),

and if we let

c Ok 0
31:_1a Zkzck£7 2Sk§n_1’ “n = . :bn_anzn—la
b1 5}{; 5n—1
A= (LA)(A'U) is written as
1 21
ﬁ 1 2z
21
C
a9 =2 1 z3
zZ
2 s
a —
ap—1 j’b—l 1 20
n—1
An  Zn 1 2,

As a consequence, the system Ax = d can be solved by constructing three sequences: First,

the sequence
1 Ck
by’

corresponding to the recurrence 0, = bidr_1 — arcy_10x_o and obtained by dividing both
sides of this equation by d;_1, next

z = k=2,....n—1, z,=0b,— a,z,_1,

=7
b — apzp—1

dy w dy, — apwi—1
- B 2k TRTRTL
by’

corresponding to solving the system LAw = d, and finally

wy, = k=2 ...,n,

- M
by — apzp—1

Tp = Wy, Tp =Wk — ZkThr1, k=n—1n—2,...,1,
corresponding to solving the system A™'Uz = w.

Remark: It can be verified that this requires 3(n — 1) additions, 3(n — 1) multiplications,
and 2n divisions, a total of 8n — 6 operations, which is much less that the O(2n?/3) required
by Gaussian elimination in general.

We now consider the special case of symmetric positive definite matrices (SPD matrices).
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5.8 SPD Matrices and the Cholesky Decomposition

Recall that an n X n symmetric matrix A is positive definite iff
z" Az >0 for all 2 € R® with z # 0.

Equivalently, A is symmetric positive definite iff all its eigenvalues are strictly positive. The
following facts about a symmetric positive definite matrice A are easily established (some
left as an exercise):

(1) The matrix A is invertible. (Indeed, if Az = 0, then z" Az = 0, which implies z = 0.)

(2) We have a;; > 0 for i = 1,...,n. (Just observe that for z = e;, the 7th canonical basis
vector of R", we have e Ae; = a;; > 0.)

(3) For every n x n invertible matrix Z, the matrix Z ' AZ is symmetric positive definite
iff A is symmetric positive definite.

(4) The set of n x n symmetric positive definite matrices is convex. This means that if A
and B are two n X n symmetric positive definite matrices, then for any A such that
0 < A <1, the matrix (1 — \)A+ AB is also symmetric positive definite. Clearly since
A and B are symmetric, (1 — A\)A 4+ AB is also symmetric. For any nonzero z € R”,
we have 2" Az > 0 and 2" Bx > 0, so

(1 =NA+AB)z = (1 -\ Az + \r" Bz > 0,
because 0 < A < 1,s01—A > 0and A > 0, and 1—X and A can’t be zero simultaneously.

(5) The set of n x n symmetric positive definite matrices is a cone. This means that if A
is symmetric positive definite and if A > 0 is any real, then A\A is symmetric positive
definite. Clearly AA is symmetric, and for nonzero z € R”, we have 2" Az > 0, and
since A > 0, we have 2" Az = \z" Az > 0.

It is instructive to characterize when a 2 x 2 symmetric matrix A is positive definite.

Write
a ¢
A_(C b)_

(z ) (z Z) (g) = ax® + 2czy + by,

If the above expression is stritcly positive for all nonzero vectors (5), then for x =1,y =0
we get a > 0 and for x =0,y = 1 we get b > 0. Then we can write

Then we have

2 2
azx® + 2cxy + by = (\/Ex + %y) + by* — %yz

Vva

= (\/ag; + %y)z + % (ab—c*) y°.



5.8. SPD MATRICES AND THE CHOLESKY DECOMPOSITION 179

Since a > 0, if ab — ¢ < 0, then we can choose y > 0 so that the second term is negative or
zero, and we can set x = —(c/a)y to make the first term zero, in which case ax?+2czy+by? <
0, so we must have ab — ¢? > 0.

Conversely, if a > 0,b > 0 and ab > ¢?, then for any (z,y) # (0,0), if y = 0 then x # 0
and the first term is positive, and if y # 0 then the second term is positive. Therefore, the
symmetric matrix A is positive definite iff

a>0,b>0, ab> . (%)

Note that ab — ¢* = det(A), so the third condition says that det(A) > 0.

Observe that the condition b > 0 is redundant, since if a > 0 and ab > ¢2, then we must
have b > 0 (and similarly b > 0 and ab > ¢? implies that a > 0).

We can try to visualize the space of 2 x 2 symmetric positive definite matrices in R3,
by viewing (a, b, c) as the coordinates along the z,y, z axes. Then the locus determined by
the strict inequalities in (%) corresponds to the region on the side of the cone of equation
xy = z° that does not contain the origin and for which > 0 and y > 0. For z = § fixed,
the equation xy = 6% define a hyperbola in the plane z = . The cone of equation zy = 22
consists of the lines through the origin that touch the hyperbola xy = 1 in the plane z = 1.
We only consider the branch of this hyperbola for which x > 0 and y > 0.

It is not hard to show that the inverse of a symmetric positive definite matrix is also
symmetric positive definite, but the product of two symmetric positive definite matrices
may not be symmetric positive definite, as the following example shows:

L1\ [ 1/vV2 —1v2\ 0 2/V2

1 2)\-1/v2 3/vV2) \-1/v2 5/vV2)°
According to the above criterion, the two matrices on the left-hand side are symmetric
positive definite, but the matrix on the right-hand side is not even symmetric, and

o0 (e i) (3) = o (Rg) - v

even though its eigenvalues are both real and positive.

Next, we prove that a symmetric positive definite matrix has a special LU-factorization
of the form A = BB, where B is a lower-triangular matrix whose diagonal elements are
strictly positive. This is the Cholesky factorization.

First, we note that a symmetric positive definite matrix satisfies the condition of Propo-
sition 5.2.

Proposition 5.9. If A is a symmetric positive definite matriz, then A[l..k, 1..k] is symmetric
positive definite, and thus invertible for k=1,... n.
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Proof. Since A is symmetric, each A[l..k, 1..k] is also symmetric. If w € R*, with 1 < k < n,
we let x € R™ be the vector with x; = w; fori =1,... )k and z; =0 fori =k+1,... . n.
Now, since A is symmetric positive definite, we have " Az > 0 for all z € R" with = # 0.
This holds in particular for all vectors x obtained from nonzero vectors w € R* as defined

earlier, and clearly
o' Ar = w' A[l.k, 1.k w,

which implies that A[l..k, 1..k] is positive definite. Thus, A[l..k, 1..k] is also invertible. [

Proposition 5.9 can be strengthened as follows: A symmetric matriz A is positive definite
iff det(A[1..k,1..k]) > 0 fork=1,...,n.

The above fact is known as Sylvester’s criterion. We will prove it after establishing the
Cholesky factorization.

Let A be an n X n symmetric positive definite matrix and write
A— aiq WT 7
w C
where C'is an (n — 1) X (n — 1) symmetric matrix and W is an (n — 1) x 1 matrix. Since A

is symmetric positive definite, a;; > 0, and we can compute o« = /a;1. The trick is that we
can factor A uniquely as

A (o wrT B a 0 1 0 a WT/la
\w Cc ) \W/a 1)\0 C-WWT/ay, 0 1 ’
i.e.,as A = BlAlBlT , where By is lower-triangular with positive diagonal entries. Thus, By
is invertible, and by fact (3) above, A; is also symmetric positive definite.

Remark: The matrix C—WW T /a;, is known as the Schur complement of the matrix (a;1).

Theorem 5.10. (Cholesky Factorization) Let A be a symmetric positive definite matriz.
Then, there is some lower-triangular matriz B so that A = BB'. Furthermore, B can be
chosen so that its diagonal elements are strictly positive, in which case B is unique.

Proof. We proceed by induction on the dimension n of A. For n = 1, we must have a1 > 0,
and if we let @« = \/a;; and B = («), the theorem holds trivially. If n > 2, as we explained
above, again we must have a;; > 0, and we can write

Cfar WT\ [ a 0) /(1 0 a Whia\ T
A_(W C)_<W/a I) (0 (J—WWT/aH) (0 I )_BlAlBl’

where o = /a7, the matrix B; is invertible and

1 (1 0
YN0 C-WWT Jag,
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is symmetric positive definite. However, this implies that C' — WW /a;, is also symmetric
positive definite (consider x" Az for every x € R™ with x # 0 and z; = 0). Thus, we can
apply the induction hypothesis to C' — WW T /a;, (which is an (n — 1) x (n — 1) matrix),
and we find a unique lower-triangular matrix L with positive diagonal entries so that

C—WWT"/a;, =LL".
But then, we get

= (i 1) omwin) 6 )
< 1) ) ()
(e 1) 0 2) G )6
“ (e 1) (6

Therefore, if we let
a 0
B = (W/ o L) ’
we have a unique lower-triangular matrix with positive diagonal entries and A = BBT.

The uniqueness of the Cholesky decomposition can also be established using the unique-
ness of an LU-decomposition. Indeed, if A = ByB] = ByB, where B; and B, are lower
triangular with positive diagonal entries, if we let A; (resp. Aj) be the diagonal matrix
consisting of the diagonal entries of B; (resp. Bs) so that (Ag); = (Bg)i for k = 1,2, then
we have two LU-decompositions

A= (BIATY)(ALB]) = (BoAy Y (ALBY)

with BiAT!, BoAy ' unit lower triangular, and Ay B, Ay B, upper triangular. By uniquenes
of LU-factorization (Theorem 5.5(1)), we have

BIAT! = ByAyY, AB] = AyBy,

and the second equation yields
BiA; = By, (%)

The diagonal entries of ByA; are (Bj)% and similarly the diagonal entries of ByAy are (Bs)?,
so the above equation implies that

(B3 = (By)%, i=1,...,n.

Since the diagonal entries of both B; and By are assumed to be positive, we must have
(B1)ii = (B2)ii, 1=1,...,m;

that is, A; = Ay, and since both are invertible, we conclude from (x) that B; = Bx. O
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The proof of Theorem 5.10 immediately yields an algorithm to compute B from A by
solving for a lower triangular matrix B such that A= BB'. For j =1,...,n,

i1 1/2
bjj = (%’j - Z@) 7
k=1

and fori=j+1,....,n(and j=1,...,n—1)

j—1
bij = (aij - sz‘kbjk> /b5 5.
k=1

The above formulae are used to compute the jth column of B from top-down, using the first
7 — 1 columns of B previously computed, and the matrix A.

For example, if

o

Il
— = e e
NN NN
W W W W N~
= e N
G O = W N —
S O = W N~

we find that

e e e
== == e O
e =)
— == 0 OO
_—_ 0 O O O
_ o0 O o oo

The Cholesky factorization can be used to solve linear systems Az = b where A is
symmetric positive definite: Solve the two systems Bw = b and Bz = w.

Remark: It can be shown that this methods requires n?/6 + O(n?) additions, n®/6 + O(n?)
multiplications, n?/2+0(n) divisions, and O(n) square root extractions. Thus, the Cholesky
method requires half of the number of operations required by Gaussian elimination (since
Gaussian elimination requires n®/3 + O(n?) additions, n®/3 + O(n?) multiplications, and
n?/2 + O(n) divisions). It also requires half of the space (only B is needed, as opposed to
both L and U). Furthermore, it can be shown that Cholesky’s method is numerically stable
(see Trefethen and Bau [105], Lecture 23).

Remark: If A = BB", where B is any invertible matrix, then A is symmetric positive
definite.
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Proof. Obviously, BB is symmetric, and since B is invertible, BT is invertible, and from
2'"Ar =2"BB'x = (B'x) B,
it is clear that o' Az > 0 if 2 # 0. O

We now give three more criteria for a symmetric matrix to be positive definite.

Proposition 5.11. Let A be any n x n symmetric matrixz. The following conditions are
equivalent:

(a) A is positive definite.

(b) All principal minors of A are positive; that is: det(A[l..k,1..k]) >0 fork=1,....n
(Sylvester’s criterion).

(¢c) A has an LU-factorization and all pivots are positive.

(d) A has an LDL"-factorization and all pivots in D are positive.

Proof. By Proposition 5.9, if A is symmetric positive definite, then each matrix A[l1..k, 1..k] is
symmetric positive definite for k = 1,...,n. By the Cholsesky decomposition, A[l..k,1..k] =
Q' Q for some invertible matrix @, so det(A[l..k,1..k]) = det(Q)? > 0. This shows that (a)
implies (b).

If det(A[1..k,1..k]) > 0 for k = 1,...,n, then each A[l..k, 1..k] is invertible. By Proposi-
tion 5.2, the matrix A has an LU-factorization, and since the pivots 7 are given by

ay = det(A[1.1,1..1])  ifk=1
T = det(A[l..k, 1..k]) .
fh=2,...
det(A[Lk—1,1.k—1)) et

we see that m, > 0 for k =1,...,n. Thus (b) implies (c).

Assume A has an LU-factorization and that the pivots are all positive. Since A is
symmetric, this implies that A has a factorization of the form

A=LDL",

with L lower-triangular with 1’s on its diagonal, and where D is a diagonal matrix with
positive entries on the diagonal (the pivots). This shows that (c¢) implies (d).

Given a factorization A = LDL" with all pivots in D positive, if we form the diagonal

matrix
VD = diag(\/71, . . ., \/Tn)
and if we let B = LvV/D, then we have

A= BB',

with B lower-triangular and invertible. By the remark before Proposition 5.11, A is positive
definite. Hence, (d) implies (a). O
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Criterion (c) yields a simple computational test to check whether a symmetric matrix is
positive definite. There is one more criterion for a symmetric matrix to be positive definite:
its eigenvalues must be positive. We will have to learn about the spectral theorem for
symmetric matrices to establish this criterion.

For more on the stability analysis and efficient implementation methods of Gaussian
elimination, LU-factoring and Cholesky factoring, see Demmel [33], Trefethen and Bau [105],
Ciarlet [30], Golub and Van Loan [49], Meyer [74], Strang [101, 102], and Kincaid and Cheney
[59].

5.9 Reduced Row Echelon Form (RREF)

Gaussian elimination described in Section 5.2 can also be applied to rectangular matrices.
This yields a method for determining whether a system Az = b is solvable, and a description
of all the solutions when the system is solvable, for any rectangular m x n matrix A.

It turns out that the discussion is simpler if we rescale all pivots to be 1, and for this we
need a third kind of elementary matrix. For any A # 0, let E; 5 be the n x n diagonal matrix

1

1
with (E; )i = A (1 <i<mn). Note that E; , is also given by
Eix=1+(\—1)e,

and that £ ) is invertible with
E;\ = E;x.

Now, after £ — 1 elimination steps, if the bottom portion

(al(jc)? al(clilkv S ’afrl:l)c)
of the kth column of the current matrix Ay is nonzero so that a pivot m, can be chosen,
after a permutation of rows if necessary, we also divide row k by 7 to obtain the pivot 1,
and not only do we zero all the entries ¢ = £+ 1,...,m in column k, but also all the entries
1 =1,...,k — 1, so that the only nonzero entry in column k is a 1 in row k. These row
operations are achieved by multiplication on the left by elementary matrices.

If a,(i) = a,&?lk == af?’j,l = 0, we move on to column k + 1.
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When the kth column contains a pivot, the kth stage of the procedure for converting a
matrix to rref consists of the following three steps illustrated below:

1 x 0 x X X X 1 x 0 x X X X
0 01 x x x X 0 01 x x x X
000 x x x x[pivot o 0 0 o x x x| rescale
0 0 0 x x x X = 0 0 0 ;5 X X X e
0 0 O af,’j) X X X 0 00 x x x X
0 0 0 x x x X 0 0 0 x x x X

1 x 0 x x X X 1 x 00 x x X

0 01 x x X X 0 01 0 x x x

0 001 x x X elgx; 0 0 01 x x X

0 0 0 x X X X 0 0 00 X X X

0 0 0 x X X X 00 00 X X X

0 0 0 x x X X 0 000 X X X

If the kth column does not contain a pivot, we simply move on to the next column.

The result is that after performing such elimination steps, we obtain a matrix that has a
special shape known as a reduced row echelon matriz, for short rref.

Here is an example illustrating this process: Starting from the matrix

1021 5
Ai=11 15 2 7
1 2 8 4 12
we perform the following steps
10215
Al—)AQZ 0131 2 s
026 37
by subtracting row 1 from row 2 and row 3;
102 15 10 2 1 5 1 0 2 1 5
A, — |0 2 6 3 7| — |0 1 3 3/2 7/2| —A3=(0 1 3 3/2 7/2 ],
0131 2 013 1 2 000 —1/2 —3/2

after choosing the pivot 2 and permuting row 2 and row 3, dividing row 2 by 2, and sub-
tracting row 2 from row 3;

102 1 5 1020 2
As—s |0 13 3/2 72 —A=]|0130 -1],
000 1 3 0001 3
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after dividing row 3 by —1/2, subtracting row 3 from row 1, and subtracting (3/2) x row 3
from row 2.

It is clear that columns 1,2 and 4 are linearly independent, that column 3 is a linear
combination of columns 1 and 2, and that column 5 is a linear combinations of columns
1,2,4.

In general, the sequence of steps leading to a reduced echelon matrix is not unique. For
example, we could have chosen 1 instead of 2 as the second pivot in matrix A,. Nevertherless,
the reduced row echelon matrix obtained from any given matrix is unique; that is, it does
not depend on the the sequence of steps that are followed during the reduction process. This
fact is not so easy to prove rigorously, but we will do it later.

If we want to solve a linear system of equations of the form Az = b, we apply elementary
row operations to both the matrix A and the right-hand side b. To do this conveniently, we
form the augmented matriz (A,b), which is the m x (n + 1) matrix obtained by adding b as
an extra column to the matrix A. For example if

1 0 21 5}
A=|1 1 5 2 and b=| 7],
1 2 8 4 12
then the augmented matrix is
1021 5
Aabn=[1152 7
1 2 8 4 12

Now, for any matrix M, since
M(A,b) = (MA, Mb),

performing elementary row operations on (A, b) is equivalent to simultaneously performing
operations on both A and b. For example, consider the system

I + 2?[73 + 24 = 5
T1 + X9y 4+ Ox3 + 214 = 7
r1 + 21’2 + 8.’13'3 + 4{134 = 12.

Its augmented matrix is the matrix

1 02 1 5
Abn=[1152 7
128 4 12

considered above, so the reduction steps applied to this matrix yield the system

I + 21‘3 = 2
To + 31‘3 = —1
Ty = 3.
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This reduced system has the same set of solutions as the original, and obviously x3 can be
chosen arbitrarily. Therefore, our system has infinitely many solutions given by

T = 2 — 21’3, To = —1- 3233, Ty = 3,
where x3 is arbitrary.

The following proposition shows that the set of solutions of a system Az = b is preserved
by any sequence of row operations.

Proposition 5.12. Given any m x n matriz A and any vector b € R™, for any sequence
of elementary row operations Fy, ..., Ey, if P = Ey---Ey and (A", V) = P(A,b), then the
solutions of Ax = b are the same as the solutions of A'lx =1/.

Proof. Since each elementary row operation E; is invertible, so is P, and since (A’,b) =
P(A,b), then A = PA and b’ = Pb. If x is a solution of the original system Az = b, then
multiplying both sides by P we get PAx = Pb; that is, A’x = V', so x is a solution of the
new system. Conversely, assume that x is a solution of the new system, that is A'x = b'.
Then, because A’ = PA, b/ = PB, and P is invertible, we get

Ar =P 'Ax = P70 =,

so x is a solution of the original system Az = b. ]

Another important fact is this:

Proposition 5.13. Given a m xn matrix A, for any sequence of row operations E1, ..., Fy,
if P=FEy---FEy and B = PA, then the subspaces spanned by the rows of A and the rows of
B are identical. Therefore, A and B have the same row rank. Furthermore, the matrices A
and B also have the same (column) rank.

Proof. Since B = PA, from a previous observation, the rows of B are linear combinations
of the rows of A, so the span of the rows of B is a subspace of the span of the rows of A.
Since P is invertible, A = P71B, so by the same reasoning the span of the rows of A is a
subspace of the span of the rows of B. Therefore, the subspaces spanned by the rows of A
and the rows of B are identical, which implies that A and B have the same row rank.

Proposition 5.12 implies that the systems Axr = 0 and Bz = 0 have the same solutions.
Since Ax is a linear combinations of the columns of A and Bz is a linear combinations of
the columns of B, the maximum number of linearly independent columns in A is equal to
the maximum number of linearly independent columns in B; that is, A and B have the same
rank. O

Remark: The subspaces spanned by the columns of A and B can be different! However,
their dimension must be the same.

Of course, we know from Proposition 8.11 that the row rank is equal to the column rank.
We will see that the reduction to row echelon form provides another proof of this important
fact. Let us now define precisely what is a reduced row echelon matrix.
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Definition 5.1. A mxn matrix A is a reduced row echelon matriz iff the following conditions
hold:

(a) The first nonzero entry in every row is 1. This entry is called a pivot.
(b) The first nonzero entry of row 7 + 1 is to the right of the first nonzero entry of row i.
(c) The entries above a pivot are zero.

If a matrix satisfies the above conditions, we also say that it is in reduced row echelon form,
for short rref.

Note that condition (b) implies that the entries below a pivot are also zero. For example,
the matrix

1
A=10
0

S OO
O = O
[enl RN

is a reduced row echelon matrix. In general, a matrix in rref has the following shape:

1 00 x x 0 0 x
0 1 0 x x 00 x
0 01 x x 00 x
000 0 0 10 x
000 0 0 01 x
000 0 0 O0O0O0
000 0 0 O0O0O0
if the last row consists of zeros, or
1 00 x x 00 x 0 x
01 0 x x 00 x 0 x
001 x x 00 x 0 x
0000 0 10 x 0 x
000 0 0 01 x x 0
0000 O0OO0OO0OTO0O 1 x

if the last row contains a pivot.
The following proposition shows that every matrix can be converted to a reduced row

echelon form using row operations.

Proposition 5.14. Given any m x n matriz A, there is a sequence of row operations
Ey, ... E; such that if P = FEj---Ey, then U = PA is a reduced row echelon matrix.
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Proof. We proceed by induction on m. If m = 1, then either all entries on this row are zero,
so A =0, or if a; is the first nonzero entry in A, let P = (aj_l) (a 1 x 1 matrix); clearly, PA
is a reduced row echelon matrix.

Let us now assume that m > 2. If A = 0 we are done, so let us assume that A # 0. Since
A # 0, there is a leftmost column j which is nonzero, so pick any pivot m = a;; in the jth
column, permute row ¢ and row 1 if necessary, multiply the new first row by 7~!, and clear
out the other entries in column j by subtracting suitable multiples of row 1. At the end of
this process, we have a matrix A; that has the following shape:

0 -~ 01 = .
0O --- 0 0 = *
A= 1. o ,

where * stands for an arbitrary scalar, or more concisely
01 B
A= (0 0 D> ’
where D is a (m — 1) X (n — j) matrix. If 7 = n, we are done. Otherwise, by the induction
hypothesis applied to D, there is a sequence of row operations that converts D to a reduced

row echelon matrix R’, and these row operations do not affect the first row of A;, which
means that A; is reduced to a matrix of the form

01 B
r=(5 0 )
Because R’ is a reduced row echelon matrix, the matrix R satisfies conditions (a) and (b) of
the reduced row echelon form. Finally, the entries above all pivots in R’ can be cleared out

by subtracting suitable multiples of the rows of R’ containing a pivot. The resulting matrix
also satisfies condition (c), and the induction step is complete. ]

Remark: There is a Matlab function named rref that converts any matrix to its reduced
row echelon form.

If A is any matrix and if R is a reduced row echelon form of A, the second part of
Proposition 5.13 can be sharpened a little. Namely, the rank of A is equal to the number of
pivots in R.

This is because the structure of a reduced row echelon matrix makes it clear that its rank
is equal to the number of pivots.

Given a system of the form Ax = b, we can apply the reduction procedure to the aug-
mented matrix (A,b) to obtain a reduced row echelon matrix (A’,¢’) such that the system
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A’r = b has the same solutions as the original system Ax = b. The advantage of the reduced
system A’x = b’ is that there is a simple test to check whether this system is solvable, and
to find its solutions if it is solvable.

Indeed, if any row of the matrix A’ is zero and if the corresponding entry in b’ is nonzero,
then it is a pivot and we have the “equation”

0=1,

which means that the system A’z = b’ has no solution. On the other hand, if there is no
pivot in &', then for every row 4 in which &, # 0, there is some column j in A" where the
entry on row i is 1 (a pivot). Consequently, we can assign arbitrary values to the variable
xy, if column k& does not contain a pivot, and then solve for the pivot variables.

For example, if we consider the reduced row echelon matrix

16010
A vy=[oo1 2 o],
0000 1

there is no solution to A’x = b’ because the third equation is 0 = 1. On the other hand, the
reduced system
16 01 1
At)y=(0 0 1 2 3
00 00O
has solutions. We can pick the variables x5, x4 corresponding to nonpivot columns arbitrarily,
and then solve for z3 (using the second equation) and z; (using the first equation).

The above reasoning proved the following theorem:

Theorem 5.15. Given any system Ax = b where A is a m X n matriz, if the augmented
matriz (A, b) is a reduced row echelon matriz, then the system Ax = b has a solution iff there
is no pwot in b. In that case, an arbitrary value can be assigned to the variable z; if column
7 does not contain a pivot.

Nonpivot variables are often called free variables.

Putting Proposition 5.14 and Theorem 5.15 together we obtain a criterion to decide
whether a system Az = b has a solution: Convert the augmented system (A,b) to a row
reduced echelon matrix (A’,b") and check whether & has no pivot.

Remark: When writing a program implementing row reduction, we may stop when the last
column of the matrix A is reached. In this case, the test whether the system Az = b is
solvable is that the row-reduced matrix A’ has no zero row of index ¢ > r such that b, # 0
(where 7 is the number of pivots, and ¥’ is the row-reduced right-hand side).

If we have a homogeneous system Ax = 0, which means that b = 0, of course z = 0 is
always a solution, but Theorem 5.15 implies that if the system Ax = 0 has more variables
than equations, then it has some nonzero solution (we call it a nontrivial solution).



5.9. REDUCED ROW ECHELON FORM 191

Proposition 5.16. Given any homogeneous system Ax = 0 of m equations in n variables,
if m < n, then there is a nonzero vector x € R™ such that Az = 0.

Proof. Convert the matrix A to a reduced row echelon matrix A’. We know that Ax = 0 iff
A’z = 0. If r is the number of pivots of A’, we must have r < m, so by Theorem 5.15 we may
assign arbitrary values to n —r > 0 nonpivot variables and we get nontrivial solutions. [J

Theorem 5.15 can also be used to characterize when a square matrix is invertible. First,
note the following simple but important fact:

If a square n x n matriz A is a row reduced echelon matriz, then either A is the identity
or the bottom row of A is zero.

Proposition 5.17. Let A be a square matriz of dimension n. The following conditions are
equivalent:

(a) The matriz A can be reduced to the identity by a sequence of elementary row operations.
(b) The matriz A is a product of elementary matrices.

(¢c) The matriz A is invertible.

(d) The system of homogeneous equations Ax = 0 has only the trivial solution x = 0.

Proof. First, we prove that (a) implies (b). If (a) can be reduced to the identity by a sequence
of row operations E,..., E,, this means that E,--- F1A = I. Since each E; is invertible,
we get

A=E"-E,

where each E; ' is also an elementary row operation, so (b) holds. Now if (b) holds, since
elementary row operations are invertible, A is invertible, and (c) holds. If A is invertible, we
already observed that the homogeneous system Ax = 0 has only the trivial solution x = 0,
because from Az = 0, we get A~*Ax = A~10; that is, x = 0. It remains to prove that (d)
implies (a), and for this we prove the contrapositive: if (a) does not hold, then (d) does not
hold.

Using our basic observation about reducing square matrices, if A does not reduce to the
identity, then A reduces to a row echelon matrix A" whose bottom row is zero. Say A’ = PA,
where P is a product of elementary row operations. Because the bottom row of A’ is zero,
the system A’z = 0 has at most n — 1 nontrivial equations, and by Proposition 5.16, this
system has a nontrivial solution z. But then, Az = P~'A’z = 0 with x # 0, contradicting
the fact that the system Ax = 0 is assumed to have only the trivial solution. Therefore, (d)
implies (a) and the proof is complete. m
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Proposition 5.17 yields a method for computing the inverse of an invertible matrix A:
reduce A to the identity using elementary row operations, obtaining
E, --EiA=1.
Multiplying both sides by A~! we get
A'=E, - E.

From a practical point of view, we can build up the product E,--- E; by reducing to row
echelon form the augmented n x 2n matrix (A, I,,) obtained by adding the n columns of the
identity matrix to A. This is just another way of performing the Gauss—Jordan procedure.

Here is an example: let us find the inverse of the matrix

A:(Z g)

an-(314Y

and apply elementary row operations to reduce A to the identity. For example:

5410 54 1 0
(A’I)_(G 50 1>—>(1 1 -1 1)

by subtracting row 1 from row 2,

54 1 0)_
11 -1 1

by subtracting 4 x row 2 from row 1,

L0 5 —4)
11 -1 1

by subtracting row 1 from row 2. Thus

5 —4

-1 __

At = (_ . ) .

Proposition 5.17 can also be used to give an elementary proof of the fact that if a square

matrix A has a left inverse B (resp. a right inverse B), so that BA = I (resp. AB = 1),
then A is invertible and A~! = B. This is an interesting exercise, try it!

We form the 2 x 4 block matrix

For the sake of completeness, we prove that the reduced row echelon form of a matrix is
unique. The neat proof given below is borrowed and adapted from W. Kahan.
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Proposition 5.18. Let A be any m X n matriz. If U and V' are two reduced row echelon
matrices obtained from A by applying two sequences of elementary row operations E, ..., I,
and Fi, ..., Fy,, so that

U=E, --EiA and V =F,---FA,

then U =V and E,--- Ey, = F,--- Fy. In other words, the reduced row echelon form of any
matrix s unique.

Proof. Let
C’zEp~--E1F1_1---Fq_1

so that
U=CV and V =C'U.

We prove by induction on n that U =V (and C = 1I).

Let ¢; denote the jth column of the identity matrix I,,, and let u; = U¥¢;, v; = VY,
c; = Cl;, and a; = Al;, be the jth column of U, V, C, and A respectively.

First, I claim that u; =0 iff v; = 0, iff a; = 0.

Indeed, if v; = 0, then (because U = CV) u; = Cv; = 0, and if u; = 0, then v; =
C'u; =0. Since A= E,--- E,U, we also get a; = 0 iff u; = 0.

Therefore, we may simplify our task by striking out columns of zeros from U, V', and A,
since they will have corresponding indices. We still use n to denote the number of columns of
A. Observe that because U and V are reduced row echelon matrices with no zero columns,
we must have u; = vy = ;.

Claim. If U and V are reduced row echelon matrices without zero columns such that
U=CV, forall k> 1,if k <n, then ¢, occurs in U iff ¢}, occurs in V', and if ¢, does occurs
in U, then

1. ¢y occurs for the same index j; in both U and V;
2. the first j; columns of U and V match;

3. the subsequent columns in U and V' (of index > j;) whose elements beyond the kth
all vanish also match;

4. the first k£ columns of C' match the first k& columns of I,,.
We prove this claim by induction on k.
For the base case k = 1, we already know that u; = v; = ¢;. We also have

C1 :Cgl :C’Ul = U 251-
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If v; = M for some i € R, then
U; = Ugl = CVfl = C’Uj = )\Cﬁl = )\61 = Uy.

A similar argument using C~' shows that if u; = A, then v; = u;. Therefore, all the
columns of U and V' proportional to ; match, which establishes the base case. Observe that

if /5 appears in U, then it must appear in both U and V for the same index, and if not then
U=V.

Next us now prove the induction step; this is only necessary if /., appears in both U,
in wich case, by (3) of the induction hypothesis, it appears in both U and V for the same
index, say jr41. Thus u;, , = vj, ., = lpy1. It follows that

Cpt1 = Cgk-i—l = C’Ujk+1 = ujk+1 = gk—}-la

so the first £ + 1 columns of C' match the first £ + 1 columns of .

Consider any subsequent column v; (with j > jx11) whose elements beyond the (k + 1)th
all vanish. Then, v; is a linear combination of columns of V' to the left of v}, so

Uj = C’Uj = ’Uj.

because the first k£ + 1 columns of C' match the first column of I,,. Similarly, any subsequent
column u; (with j > ji41) whose elements beyond the (k + 1)th all vanish is equal to v;.
Therefore, all the subsequent columns in U and V' (of index > j;.1) whose elements beyond
the (k + 1)th all vanish also match, which completes the induction hypothesis.

We can now prove that U = V' (recall that we may assume that U and V have no zero
columns). We noted earlier that u; = v; = ¢4, so there is a largest k& < n such that ¢, occurs
in U. Then, the previous claim implies that all the columns of U and V match, which means

that U = V. 0

The reduction to row echelon form also provides a method to describe the set of solutions
of a linear system of the form Ax = b.

5.10 Solving Linear Systems Using RREF

First, we have the following simple result.

Proposition 5.19. Let A be any m x n matriz and let b € R™ be any vector. If the system
Ax = b has a solution, then the set Z of all solutions of this system is the set

Z =9+ Ker(A) = {zg+ 2 | Az = 0},

where xg € R™ is any solution of the system Ax = b, which means that Axy = b (xq is called
a special solution), and where Ker (A) = {x € R" | Ax = 0}, the set of solutions of the
homogeneous system associated with Ax = b.
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Proof. Assume that the system Ax = b is solvable and let xy and z; be any two solutions so
that Azg = b and Az, = b. Subtracting the first equation from the second, we get

A(Q?l — .1'0) = O,

which means that z; — ¢y € Ker (A). Therefore, Z C xy + Ker (A), where x, is a special
solution of Az = b. Conversely, if Azq = b, then for any z € Ker (A), we have Az = 0, and
SO

Alxg+2) = Azg+ Az =0+ 0=,

which shows that zg + Ker (A) C Z. Therefore, Z = xy + Ker (A). O

Given a linear system Az = b, reduce the augmented matrix (A,b) to its row echelon
form (A", V). As we showed before, the system Az = b has a solution iff & contains no pivot.
Assume that this is the case. Then, if (A’,b’) has r pivots, which means that A" has r pivots
since b’ has no pivot, we know that the first » columns of I,, appear in A’.

We can permute the columns of A" and renumber the variables in x correspondingly so
that the first r columns of I,, match the first » columns of A’, and then our reduced echelon

matrix is of the form (R, V') with
I, F
= (Om—r,r Om—r,n—r)

;[ d
= (o)

where F'is a r X (n —r) matrix and d € R". Note that R has m — r zero rows.

I, F d\_(d\_y,
Om—r,r Om—r,n—r OTL—T Om—T ’
S d
07 \ 0,y

is a special solution of Rx = V', and thus to Ax = b. In other words, we get a special solution
by assigning the first r components of &’ to the pivot variables and setting the nonpivot
variables (the free variables) to zero.

and

Then, because

we see that

We can also find a basis of the kernel (nullspace) of A using F. If = (u,v) is in the
kernel of A, with u € R” and v € R"™", then z is also in the kernel of R, which means that

Rz = 0; that is,
I, F u)  (u+Fv\ 0,
Om—r,r Om—nn—r v N Om—r N Om—r .
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Therefore, u = —Fv, and Ker (A) consists of all vectors of the form

(7))

form a basis of the kernel of A. This is because N contains the identity matrix I,_, as a
submatrix, so the columns of N are linearly independent. In summary, if N!, ..., N*™" are
the columns of N, then the general solution of the equation Az = b is given by

r = (Od ) + 2, N o 2, N7,

where z,,1,...,x, are the free variables; that is, the nonpivot variables.

In the general case where the columns corresponding to pivots are mixed with the columns
corresponding to free variables, we find the special solution as follows. Let 1; < --- <4, be
the indices of the columns corresponding to pivots. Then, assign b) to the pivot variable
x;, for k= 1,...,r, and set all other variables to 0. To find a basis of the kernel, we
form the n — r vectors N* obtained as follows. Let j; < --- < j,_, be the indices of the
columns corresponding to free variables. For every column j, corresponding to a free variable
(1 <k <n—r), form the vector N* defined so that the entries Nf, ..., N} are equal to the
negatives of the first r entries in column j; (flip the sign of these entries); let N]’-‘; =1, and
set all other entries to zero. Schematically, if the column of index jj, (corresponding to the

free variable z;, ) is

Qg

o7
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then the vector N* is given by

1 0
11 — 1 0

11 —Q
11+ 1 0
1, — 1 0

iy —ay,
i+ 1 0
Jgk—11 0

Jk 1
Jr+1

n 0

n

The presence of the 1 in position j, guarantees that N, ..., N*~" are linearly indepen-

dent.

An illustration of the above method, consider the problem of finding a basis of the
subspace V of n x n matrices A € M,,(R) satisfying the following properties:

1. The sum of the entries in every row has the same value (say ¢;);
2. The sum of the entries in every column has the same value (say ¢).

It turns out that ¢; = ¢ and that the 2n —2 equations corresponding to the above conditions
are linearly independent. We leave the proof of these facts as an interesting exercise. By the
duality theorem, the dimension of the space V' of matrices satisying the above equations is
n? — (2n — 2). Let us consider the case n = 4. There are 6 equations, and the space V has
dimension 10. The equations are

ay + ap + a13 + a4 — a1 — Gz — A3 — ag4 = 0
a1 + Aoy + Qg3 + A4 — a31 — A3z — a3z — azy = 0
asy + azp + azz + azq — a4 — Qg — A43 — a4 = 0
a1 + agy + azr + aq — a1z — Gz — azp — ag2 =0
12 + Aoz + A3z + Qg2 — A13 — Qg3 — a3z — a43 = 0

(13 + a3 + a3z + a43 — A14 — A4 — A34 — Agq = 0,
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and the corresponding matrix is

11 1 1 -1 -1 -1 -1 0 O O O O O O O
o o 60 o0 1 1 1 1 -1 -1-1-1 0 O O O
A oo o0 o o o0 oo o0 1 1 1 1 -1 -1 -1 -1
1 -1 0 o0 1 -1 0 0 1 -1 0 O 1 -1 0 0
o1 -1o0 o0 1 -1 0 0 1 -1 0 0 1 =1 0
o o0 1 -1 0 0 1 -1 0 o0 1 -1 0 0 1 -1

The result of performing the reduction to row echelon form yields the following matrix
in rref:

10000 -1 -1-10-1-1-1 2 1 1 1
co1ro0001 o0 O0O0O1 O 0 -1 0 -1 -1
U— coo1r00o0 1 O0O0OO0O 1 0O -1 -1 0 -1
cooo601ro0 o0 o0 100 0 1 -1 -1 -1 0
cooo60o01 1 1 100 O O -1 -1 -1 -1
oooo0oo0o o6 o o011 1 1 -1 -1 -1 -1

The list pivlist of indices of the pivot variables and the list freelist of indices of the free
variables is given by

pivlist = (1,2,3,4,5,9),
freelist = (6,7,8,10,11,12,13, 14,15, 16).

After applying the algorithm to find a basis of the kernel of U, we find the following 16 x 10

matrix
1 1 1 1 1 1 -2 -1 -1 -1

-1 0 0 -1 0 0 1 0 1 1
o -1 0 0 -1 0 1 1 0 1
o 0 -1 0 O -1 1 1 1 O
-1 -1 -1 0 0 O 1 1 1 1
10 o o0 o0 o o0 0 0 O
o 1 0 O O O o0 o0 0 O
o o0 1 o o0 0 o0 o0 0 O
Bi = o o0 o0 -1 -1 -1 1 1 1 1
o o o 1 0 0 0 0 0 O
o o0 o o 1 0 0 0 0 O
o o0 o o o0 1 0 0o 0 O
o o0 o o o0 o0 1 o0 0 O
o o0 o o o0 o0 o 1 0 O
o o o o o0 o0 o0 o0 1 0
o o0 o o o0 o0 o0 0 0 1

The reader should check that that in each column j of BK, the lowest 1 belongs to the
row whose index is the jth element in freelist, and that in each column j of BK, the signs of
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the entries whose indices belong to pivlist are the fipped signs of the 6 entries in the column
U corresponding to the jth index in freelist. We can now read off from BK the 4 x 4 matrices
that form a basis of V: every column of BK corresponds to a matrix whose rows have been
concatenated. We get the following 10 matrices:

1 —-100 1 0 -1 0 1 00 —1
1 1 00 10 1 0 100 1
M1_00007M2_0000’M3_0000’
0 0 00 0 0 0 0 0 00 0
1 —-100 1 0 -1 0 1 00 —1
0 0 00 0 0 0 0 0 00 0
Mi=1 4 4 0 0] Ms = -1 0 1 o}l Mg = -1 00 1|
0 0 00 0 0 0 0 0 00 0
211 1 101 1 110 1
1 000 1 00 0 1 00 0
M7_1000’ M8_1000’ M9_1000’
1 00 0 0 100 0 010
-1 110
1 00 0
M10—1000
0 00 1

Recall that a magic square is a square matrix that satisfies the two conditions about
the sum of the entries in each row and in each column to be the same number, and also
the additional two constraints that the main descending and the main ascending diagonals
add up to this common number. Furthermore, the entries are also required to be positive
integers. For n = 4, the additional two equations are

A2 + a33 + a4q — a12 — a3 — a4 = 0

a41 + azz + a3 — aj; — ajz — a3 = 0,

and the 8 equations stating that a matrix is a magic square are linearly independent. Again,
by running row elimination, we get a basis of the “generalized magic squares” whose entries
are not restricted to be positive integers. We find a basis of 8 matrices. For n = 3, we find
a basis of 3 matrices.

A magic square is said to be normal if its entries are precisely the integers 1,2...,n%

Then, since the sum of these entries is
n?(n*+1)

1+2+3+---+n2:T,
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and since each row (and column) sums to the same number, this common value (the magic
sum) is

n(n?+1)

—

It is easy to see that there are no normal magic squares for n = 2. For n = 3, the magic sum
is 15, for n = 4, it is 34, and for n = 5, it is 65.

In the case n = 3, we have the additional condition that the rows and columns add up
to 15, so we end up with a solution parametrized by two numbers x1, xo; namely,

I1+ZE2—5 10-1‘2 ]_0—1’1
20—2!171—1‘2 5 2$1—|—fL‘2—10
1 To 15 —x1 — 29

Thus, in order to find a normal magic square, we have the additional inequality constraints

1+ 2Ty >5
r1 < 10
T < 10
2rx1 + 19 < 20
2x1 4+ x5 > 10
1 >0
To >0
T1+ 1o < 15,

and all 9 entries in the matrix must be distinct. After a tedious case analysis, we discover the
remarkable fact that there is a unique normal magic square (up to rotations and reflections):

=~ O N
w ot
o = O

It turns out that there are 880 different normal magic squares for n = 4, and 275, 305, 224
normal magic squares for n = 5 (up to rotations and reflections). Even for n = 4, it takes a
fair amount of work to enumerate them all! Finding the number of magic squares for n > 5
is an open problem!

5.11 Elementary Matrices and Columns Operations

Instead of performing elementary row operations on a matrix A, we can perform elementary
columns operations, which means that we multiply A by elementary matrices on the right.
As elementary row and column operations, P(i, k), E; .5, E; x» perform the following actions:
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1. As a row operation, P(i, k) permutes row i and row k.

2. As a column operation, P(i, k) permutes column ¢ and column k.
3. The inverse of P(i, k) is P(i, k) itself.

4. As a row operation, F; ;.3 adds 3 times row j to row i.

5. As a column operation, E; ;.3 adds § times column ¢ to column j (note the switch in
the indices).

6. The inverse of F; ;.3 is E; j.—p.
7. As a row operation, E; » multiplies row ¢ by A.
8. As a column operation, £; y multiplies column 7 by A.

9. The inverse of E; ) is F; y-1.

We can define the notion of a reduced column echelon matrix and show that every matrix
can be reduced to a unique reduced column echelon form. Now, given any m X n matrix A,
if we first convert A to its reduced row echelon form R, it is easy to see that we can apply
elementary column operations that will reduce R to a matrix of the form

IT Or,n—r
Om—T,’f’ Om—’r‘,n—T ’
where 7 is the number of pivots (obtained during the row reduction). Therefore, for every

m X n matrix A, there exist two sequences of elementary matrices £, ..., E, and Fy, ..., F,
such that

Om—r,r Om—r,n—r

Ep---E1AF1---Fq:( I, Or,nT')‘

The matrix on the right-hand side is called the rank normal form of A. Clearly, r is the
rank of A. It is easy to see that the rank normal form also yields a proof of the fact that A
and its transpose A" have the same rank.

5.12 Transvections and Dilatations

In this section, we characterize the linear isomorphisms of a vector space F that leave every
vector in some hyperplane fixed. These maps turn out to be the linear maps that are
represented in some suitable basis by elementary matrices of the form F; ;.5 (transvections)
or E;, (dilatations). Furthermore, the transvections generate the group SL(E), and the
dilatations generate the group GL(E).
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Let H be any hyperplane in F, and pick some (nonzero) vector v € E such that v ¢ H,
so that
FE=H®Kwv.

Assume that f: E — E is a linear isomorphism such that f(u) = u for all u € H, and that
f is not the identity. We have
f(v) =h+av, forsomeh € H and some a € K,

with a # 0, because otherwise we would have f(v) = h = f(h) since h € H, contradicting
the injectivity of f (v # h since v ¢ H). For any = € E, if we write

x=y+tv, forsomey e H and some t € K,

then
f(x) = fly) + f(tv) =y +tf(v) =y +th+tav,

and since axr = ay + tav, we get

flz) —ar=(1—a)y+th
flx)—z=t(h+ (a—1)v).
Observe that if E is finite-dimensional, by picking a basis of £ consisting of v and basis

vectors of H, then the matrix of f is a lower triangular matrix whose diagonal entries are
all 1 except the first entry which is equal to «. Therefore, det(f) = .

Case 1. a # 1.
We have f(z) = az iff (1 — o)y +th =0 iff

t
a—1

h.

y:

Then, if we let w = h + (o — 1)v, for y = (t/(a — 1))h, we have

t
a—1

(h+(av—1)v) =

t
x:y—l—tv:ﬁh%—tv: w,

a—1
which shows that f(z) = az iff + € Kw. Note that w ¢ H, since a # 1 and v ¢ H.

Therefore,
E=H&Kuw,

and f is the identity on H and a magnification by « on the line D = Kw.

Definition 5.2. Given a vector space F, for any hyperplane H in E, any nonzero vector
u € F such that u ¢ H, and any scalar « # 0,1, a linear map f such that f(x) = z for all
x € H and f(z) = ax for every x € D = Ku is called a dilatation of hyperplane H, direction
D, and scale factor a.
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If 7y and 7p are the projections of F onto H and D, then we have
f(x) =mu(z) + amp(z).
The inverse of f is given by

fﬁl(x) = WH(.T) + Ckilﬂ'D(.??).

When o = —1, we have f? = id, and f is a symmetry about the hyperplane H in the
direction D.
Case 2. a = 1.

In this case,
f(z) = = th,

that is, f(x) — 2z € Kh for all z € E. Assume that the hyperplane H is given as the kernel
of some linear form ¢, and let a = p(v). We have a # 0, since v ¢ H. For any = € E, we
have

p(r —a™p(x)v) = p(a) — a "p(2)e(v) = () — p(z) =0,
which shows that z —a™'p(z)v € H for all x € E. Since every vector in H is fixed by f, we
get

v —a o)y = flz—a p(z)v)

= f(@) —a p(2) f(v),
S0
f@) =z +@)(f(a™v) —a"lv).
Since f(z) — 2z € Kh for all z € E, we conclude that v = f(a™'v) — a~'v = Sh for some
p € K, so p(u) =0, and we have

f(@) =z +p(x)u, ) =0. ()
A linear map defined as above is denoted by 7, ,,.

Conversely for any linear map f = 7, given by equation (), where ¢ is a nonzero linear
form and w is some vector v € F such that ¢(u) = 0, if v = 0 then f is the identity, so
assume that u # 0. If so, we have f(z) = x iff p(z) = 0, that is, iff z € H. We also claim
that the inverse of f is obtained by changing u to —u. Actually, we check the slightly more
general fact that

Tou © Tow = Tputov-

Indeed, using the fact that ¢(v) = 0, we have
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_ _ _ -1 .
For v = —u, we have 7, 1, = ¢, 0 = id, so Tou = To—us 88 claimed.

Therefore, we proved that every linear isomorphism of E that leaves every vector in some
hyperplane H fixed and has the property that f(x) —x € H for all z € E' is given by a map
T, as defined by equation (), where ¢ is some nonzero linear form defining H and w is
some vector in H. We have 7,, =id iff u = 0.

Definition 5.3. Given any hyperplane H in E, for any nonzero nonlinear form ¢ € E*
defining H (which means that H = Ker (¢)) and any nonzero vector v € H, the linear map
Tou given by

Tou(z) = 2+ @(z)u, @(u) =0,
for all z € F is called a transvection of hyperplane H and direction u. The map 7, leaves
every vector in H fixed, and f(x) —x € Ku for all x € E.

The above arguments show the following result.

Proposition 5.20. Let f: E — E be a bijective linear map and assume that f # id and
that f(x) = x for all x € H, where H is some hyperplane in E. If there is some nonzero
vector u € E such that w ¢ H and f(u) —u € H, then f is a transvection of hyperplane H ;
otherwise, f is a dilatation of hyperplane H .

Proof. Using the notation as above, for some v ¢ H, we have f(v) = h 4+ av with a # 0,
and write u =y +tv with y € H and t # 0 since uw ¢ H. If f(u) —u € H, from

fu) —u=th+ (a—1)v),

we get (o — 1)v € H, and since v ¢ H, we must have a = 1, and we proved that f is a
transvection. Otherwise, o # 0, 1, and we proved that f is a dilatation. n

If E is finite-dimensional, then a = det(f), so we also have the following result.

Proposition 5.21. Let f: E — E be a bijective linear map of a finite-dimensional vector
space E and assume that f # id and that f(x) = x for allx € H, where H is some hyperplane
in E. If det(f) = 1, then f is a transvection of hyperplane H; otherwise, f is a dilatation
of hyperplane H.

Suppose that f is a dilatation of hyperplane H and direction u, and say det(f) = a # 0, 1.

Pick a basis (u,es,...,e,) of E where (es,...,e,) is a basis of H. Then, the matrix of f is
of the form

a 0 - 0

0 1

0
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which is an elementary matrix of the form E,; ,. Conversely, it is clear that every elementary
matrix of the form E; , with o # 0,1 is a dilatation.

Now, assume that f is a transvection of hyperplane H and direction u € H. Pick some
v ¢ H, and pick some basis (u, es, ..., e,) of H, so that (v,u,es,...,e,)is a basis of E. Since
f(v) — v € Ku, the matrix of f is of the form

10 --- 0
a 1 0
00 --- 1

which is an elementary matrix of the form Fj ;... Conversely, it is clear that every elementary
matrix of the form E; ;,, (o # 0) is a transvection.

The following proposition is an interesting exercise that requires good mastery of the
elementary row operations E; j.3.

Proposition 5.22. Given any invertible n X n matriz A, there is a matriz S such that

SA = <In_1 O) = Enaa
0 « ’

with o = det(A), and where S is a product of elementary matrices of the form E; ;.3; that
18, S 1s a composition of transvections.

Surprisingly, every transvection is the composition of two dilatations!

Proposition 5.23. If the field K is not of charateristic 2, then every transvection f of
hyperplane H can be written as f = dy o dy, where dyi,dy are dilatations of hyperplane H,
where the direction of dy can be chosen arbitrarily.

Proof. Pick some dilalation d; of hyperplane H and scale factor a # 0,1. Then, dy = fod;*
leaves every vector in H fixed, and det(dy) = a~! # 1. By Proposition 5.21, the linear map
ds is a dilatation of hyperplane H, and we have f = dy o d;, as claimed. O

Observe that in Proposition 5.23, we can pick o = —1; that is, every transvection of
hyperplane H is the compositions of two symmetries about the hyperplane H, one of which
can be picked arbitrarily.

Remark: Proposition 5.23 holds as long as K # {0, 1}.
The following important result is now obtained.
Theorem 5.24. Let E be any finite-dimensional vector space over a field K of characteristic

not equal to 2. Then, the group SL(FE) is generated by the transvections, and the group
GL(E) is generated by the dilatations.
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Proof. Consider any f € SL(F), and let A be its matrix in any basis. By Proposition 5.22,

there is a matrix S such that
SA = ([nl O) = En s
0 « '

with a = det(A), and where S is a product of elementary matrices of the form FE; ;5. Since
det(A) = 1, we have aw = 1, and the result is proved. Otherwise, E, , is a dilatation, S is a
product of transvections, and by Proposition 5.23, every transvection is the composition of
two dilatations, so the second result is also proved. O]

We conclude this section by proving that any two transvections are conjugate in GL(F).
Let 7, (u # 0) be a transvection and let ¢ € GL(E) be any invertible linear map. We have

(goTpuog ) (x)=glg™ (x) + (g~ (x))u)
=z +¢(g7 (2))g(w).

Let us find the hyperplane determined by the linear form x — ¢(g~*(z)). This is the set of
vectors z € E such that ¢(g~'(z)) = 0, which holds iff g~!(z) € H iff x € g(H). Therefore,
Ker (pog™') = g(H) = H', and we have g(u) € g(H) = H', s0 goT,,09 " is the transvection
of hyperplane H' = g(H) and direction v’ = g(u) (with u’ € H').

Conversely, let 7,, be some transvection (v # 0). Pick some vector v,v" such that
p(v) =¥ (v') =1, so that
E=H&Kv=H ¢

There is a linear map g € GL(F) such that g(u) = v/, g(v) = ¢/, and g(H) = H'. To
define g, pick a basis (v,u,es,...,€e,_1) where (u,es,...,e, 1) is a basis of H and pick a

basis (v/,u/, €}, ... el ;) where (v, €}, ... e, ;) is a basis of H'; then g is defined so that

glv) =, g(u) =, and g(e;) = g(e}), for i = 2,...,n — 1. If n = 2, then ¢; and €} are
missing. Then, we have

/

(goTpuog () =+ (g~ (x)u'.

Now, ¢ o g~* also determines the hyperplane H' = g(H), so we have ¢ o g~ = \¢) for some
nonzero A in K. Since v = g(v), we get

p(v) = pog (V) = M (V),
and since p(v) = ¥ (v') = 1, we must have A = 1. It follows that
(goTpuog (@) =2+ (x) = Tpuw(z).

In summary, we proved almost all parts the following result.
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Proposition 5.25. Let E be any finite-dimensional vector space. For every transvection
Tou (u # 0) and every linear map g € GL(E), the map g o T,, 0 g~ ' is the transvection
of hyperplane g(H) and direction g(u) (that is, g o Tyu © 7" = Tpog—1,4())- For every other
transvection Ty, (W # 0), there is some g € GL(E) such Ty = g0 Tpu 0 g ' in other
words any two transvections (# id) are conjugate in GL(E). Moreover, if n > 3, then the
linear isomorphim g as above can be chosen so that g € SL(E).

Proof. We just need to prove that if n > 3, then for any two transvections 7., and 7,
(u,u’ # 0), there is some g € SL(E) such that 7, = go7,,09 . As before, we pick a basis

(v,u,e9,...,e,_1) where (u, e, ..., e, 1) is a basis of H, we pick a basis (v/, v, €}, ..., el _,)

/

where (', €}, ...,¢el,_;) is a basis of H’, and we define g as the unique linear map such that

gv) =, glu) =, and g(e;) = €}, for i = 1,...,n — 1. But, in this case, both H and
H' = g(H) have dimension at least 2, so in any basis of H' including v, there is some basis
vector e}, independent of u/, and we can rescale €}, in such a way that the matrix of g over
the two bases has determinant +1. H

5.13 Summary

The main concepts and results of this chapter are listed below:
e One does not solve (large) linear systems by computing determinants.
e Upper-triangular (lower-triangular) matrices.
e Solving by back-substitution (forward-substitution).
e Gaussian elimination.
e Permuting rows.
e The pivot of an elimination step; pivoting.
e Transposition matriz; elementary matriz.
e The Gaussian elimination theorem (Theorem 5.1).
e Gauss-Jordan factorization.

o LU-factorization; Necessary and sufficient condition for the existence of an
LU-factorization (Proposition 5.2).

o LDU-factorization.
e “PA = LU theorem” (Theorem 5.5).

e LDL"-factorization of a symmetric matrix.
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Avoiding small pivots: partial pivoting; complete pivoting.

Gaussian elimination of tridiagonal matrices.

LU-factorization of tridiagonal matrices.

Symmetric positive definite matrices (SPD matrices).

Cholesky factorization (Theorem 5.10).

Criteria for a symmetric matrix to be positive definite; Sylvester’s criterion.
Reduced row echelon form.

Reduction of a rectangular matrix to its row echelon form.

Using the reduction to row echelon form to decide whether a system Az = b is solvable,

and to find its solutions, using a special solution and a basis of the homogeneous system
Ax = 0.

Magic squares.

transvections and dilatations.



Chapter 6

Vector Norms and Matrix Norms

6.1 Normed Vector Spaces

In order to define how close two vectors or two matrices are, and in order to define the
convergence of sequences of vectors or matrices, we can use the notion of a norm. Recall
that R, = {z € R | x > 0}. Also recall that if 2 = a + ib € C is a complex number, with
a,b € R, then Z = a — ib and |z| = v/2Z = Va2 + b2 (|2 is the modulus of z).

Definition 6.1. Let F be a vector space over a field K, where K is either the field R of
reals, or the field C of complex numbers. A norm on E is a function || ||: E — R, assigning
a nonnegative real number |ju|| to any vector v € E, and satisfying the following conditions
for all z,y,z € F:

(N1) ||z|| > 0, and ||z|| = 0 iff x = 0. (positivity)

(N2) [[Az]| = [A] [|=]]. (homogeneity (or scaling))

(N3) lz +yll < |l=| + llyl]- (triangle inequality)
A vector space E together with a norm || || is called a normed vector space.

By (N2), setting A = —1, we obtain
=2l = [[(=D)a|l = [ = 1 ll=[l = ll=[l;
that is, |—z|| = [|z||. From (N3), we have
el = llz =y +yll < llz =yl + llyll,

which implies that
Izl = [yl < llz = yll-
By exchanging = and y and using the fact that by (N2),

ly —zll = I=(z =yl = [z = yll,

209
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we also have
[yl = [l=|l <[z =yl

Therefore,
Nzl = llylll < llz —yll, forallz,y e E. (%)

Observe that setting A = 0 in (N2), we deduce that [|0|] = 0 without assuming (N1).
Then, by setting y = 0 in (%), we obtain

lzll] < [lzfl, forallz e E.

Therefore, the condition ||z|| > 0 in (N1) follows from (N2) and (N3), and (N1) can be
replaced by the weaker condition

(N1) For all z € E| if ||z]| = 0 then z = 0,

A function || || : £ — R satisfying axioms (N2) and (N3) is called a seminorm. From the
above discussion, a seminorm also has the properties

||| >0 for all z € F, and ||0|| = 0.

However, there may be nonzero vectors x € E such that ||z|| = 0. Let us give some
examples of normed vector spaces.

Example 6.1.
1. Let £ =R, and ||z|| = ||, the absolute value of x.
2. Let E =C, and ||z]| = |2, the modulus of z.

3. Let E =R" (or E = C"). There are three standard norms. For every (zy,...,2,) € E,
we have the norm ||x||;, defined such that,

[elle = lwal + - + |l
we have the Fuclidean norm ||z||2, defined such that,
Jlla = (jos 2 4+ + fzal?)
and the sup-norm ||x||, defined such that,
[2]loo = max{fa[ | 1 <7 <n}.
More generally, we define the ¢,-norm (for p > 1) by

Izl = (1l + -+ |zaf) 1.

There are other norms besides the ¢,-norms. Here are some examples.
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1. For £ = R?,
[[(ur, u2)|| = ur] + 2]ua.
2. For £ = R?,
I, o) | = ((un + ) + ).
3. For £ = C?,

| (1, u2)|| = |ug + dug| + |uy — dugl.

The reader should check that they satisfy all the axioms of a norm.

Some work is required to show the triangle inequality for the ¢,-norm.

Proposition 6.1. If E is a finite-dimensional vector space over R or C, for every real
number p > 1, the {,-norm is indeed a norm.

Proof. The cases p =1 and p = oo are easy and left to the reader. If p > 1, then let ¢ > 1
such that

St =1
P q

We will make use of the following fact: for all o, § € R, if a, > 0, then
p q
af < al + —. (%)
p q

To prove the above inequality, we use the fact that the exponential function ¢ — e’ satisfies
the following convexity inequality:

Pt 1= < et 4 (1 — f)eY,

for all x,y € R and all § with 0 <6 < 1.

Since the case a8 = 0 is trivial, let us assume that o > 0 and § > 0. If we replace 6 by
1/p, = by plog @ and y by glog 3, then we get

1 1 1 1
ploga+;qlogf < _eploga + _eqlog/j’

er
p
which simplifies to
p /Bq
Oéﬂ S —+ )
p q

as claimed.

We will now prove that for any two vectors u,v € F, we have

n
> fugoi] < Jlull, lloll, - (%)
i=1
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Since the above is trivial if u = 0 or v = 0, let us assume that u # 0 and v # 0. Then, the
inequality (x) with a = [u;|/ [Jul|, and 8 = [v;|/ [[v]], yields

|u;v;] |u;|P |v;]?

= D qo
[l lolly = pllull, g lfullg

for2=1,...,n, and by summing up these inequalities, we get

n
> fugoi] < Jlull, o]l
1=1

as claimed. To finish the proof, we simply have to prove that property (N3) holds, since
(N1) and (N2) are clear. Now, for i = 1,...,n, we can write

(el + il = Tual (Jual + o)™ + ol (il + s )P,

so that by summing up these equations we get

n

> sl + Joil)? = 3 fual (sl + [+ 3 foul (sl + ol
=1 =1

i=1
and using the inequality (xx), we get

n n

1/q
>+ <l + o) (Y + =)

i=1 =1
However, 1/p+ 1/q = 1 implies pg = p + q, that is, (p — 1)g = p, so we have

n n

1/q
> (ual + [vil)? < (full, + HUHQ(Z(I?«M + |vi!)p) ,

i=1 i=1

which yields

n 1/p
(Zum ; |vi|>p) < llull, + Il

i=1
Since |u; +v;| < |ug] + [vi], the above implies the triangle inequality |lu + v||, < [|ull, + [|v]|,,
as claimed. O

For p > 1 and 1/p + 1/q = 1, the inequality
n n 1/p n 1/q
>l < (o) (o)
i—1 i—1 i—1

is known as Hélder’s inequality. For p = 2, it is the Cauchy—-Schwarz inequality.
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Actually, if we define the Hermitian inner product (—,—) on C" by

n
(u,v) = Zuﬁi,
i=1

where u = (uq,...,u,) and v = (vy,...,v,), then

n n
[(u, v)| < Z |u;| = Z |uivil,
=1 =1

so Holder’s inequality implies the inequality
[(u, 0)| < [[ull, o]l

also called Holder’s inequality, which, for p = 2 is the standard Cauchy—Schwarz inequality.
The triangle inequality for the £,-norm,

(fmm +ol) " (Z o) " (Z ) "

i=1 i=1 1=1
is known as Minkowski’s inequality.

When we restrict the Hermitian inner product to real vectors, u,v € R"™, we get the
FEuclidean inner product
n
(u,v) = Zuzvz
i=1

It is very useful to observe that if we represent (as usual) u = (uq, ..., u,) and v = (vy, ..., v,)
(in R™) by column vectors, then their Euclidean inner product is given by

(u,v) =u'v=10"u,

and when u,v € C", their Hermitian inner product is given by

(u,v) = v*u = u*v.
In particular, when u = v, in the complex case we get
2
lully = u"u,

and in the real case, this becomes

2
fully ="

As convenient as these notations are, we still recommend that you do not abuse them; the
notation (u,v) is more intrinsic and still “works” when our vector space is infinite dimen-
sional.

The following proposition is easy to show.
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Proposition 6.2. The following inequalities hold for all x € R™ (or z € C"):

[2]loo < llzlly < nfl2lo0,
2llo0 < [l2ll2 < v/nll2]|o,
Izl < llzll < V/nllz]2.

Proposition 6.2 is actually a special case of a very important result: in a finite-dimensional

vector space, any two norms are equivalent.

Definition 6.2. Given any (real or complex) vector space E, two norms || ||, and || ||, are
equivalent iff there exists some positive reals C1, Cy > 0, such that

[ully < Crllull, and jull, < Cs|lull,, for all v € E.

Given any norm || || on a vector space of dimension n, for any basis (ey,...,e,) of E,
observe that for any vector x = x1e; + - - - + x,€e,, we have

[zl = llzier + - -+ @nenll < laafflex]l + - -+ [zal l[enl] < C(lza] + - - + [aa]) = Cllz]];
with C' = maxy<;<, ||e;|| and
[2lly = llzrer + -+ znenll = |oa] + - + |2
The above implies that
Hlwll =Nl < flu =2l < Cllu—wvlly,

which means that the map u +— |Ju|| is continuous with respect to the norm || ||;.

Let S;'~! be the unit sphere with respect to the norm || ||,, namely
St ={re Bz, =1}

Now, S7!is a closed and bounded subset of a finite-dimensional vector space, so by Heine—
Borel (or equivalently, by Bolzano-Weiertrass), S7'~* is compact. On the other hand, it
is a well known result of analysis that any continuous real-valued function on a nonempty
compact set has a minimum and a maximum, and that they are achieved. Using these facts,
we can prove the following important theorem:

Theorem 6.3. If E is any real or complex vector space of finite dimension, then any two
norms on E are equivalent.

Proof. 1t is enough to prove that any norm || || is equivalent to the 1-norm. We already proved
that the function x +— ||z| is continuous with respect to the norm || ||, and we observed that
the unit sphere S7! is compact. Now, we just recalled that because the function f:  +— ||z||
is continuous and because S~ ! is compact, the function f has a minimum m and a maximum
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M, and because ||z|| is never zero on S7~!, we must have m > 0. Consequently, we just
proved that if ||z||; = 1, then
0<m<|z|| <M,

so for any x € E with x # 0, we get
m < [lz/ ||zl || < M,
which implies
m |zl < Jof] < M [l .

Since the above inequality holds trivially if z = 0, we just proved that || || and || ||, are
equivalent, as claimed. O

Next, we will consider norms on matrices.

6.2 Matrix Norms

For simplicity of exposition, we will consider the vector spaces M,,(R) and M,,(C) of square
n X n matrices. Most results also hold for the spaces M,, ,,(R) and M,, ,(C) of rectangular
m X n matrices. Since n X n matrices can be multiplied, the idea behind matrix norms is
that they should behave “well” with respect to matrix multiplication.

Definition 6.3. A matriz norm || || on the space of square n x n matrices in M,,(K), with
K =R or K =C, is a norm on the vector space M,,(K), with the additional property called
submultiplicativity that

[AB| < Al BII,

for all A, B € M, (K). A norm on matrices satisfying the above property is often called a
submultiplicative matrix norm.

Since I2 = I, from ||I|| = ||I2|| < ||1||?, we get ||I|| > 1, for every matrix norm.

Before giving examples of matrix norms, we need to review some basic definitions about
matrices. Given any matrix A = (a;;) € M,,,(C), the conjugate A of A is the matrix such
that

Ajj=a; 1<i<m,1<j<n.

The transpose of A is the n x m matrix AT such that
Al =a;, 1<i<m,1<j<n.

The adjoint of A is the n x m matrix A* such that
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When A is a real matrix, A* = AT. A matrix A € M,,(C) is Hermitian if
A* = A.

If A is a real matrix (A € M, (R)), we say that A is symmetric if

AT = A
A matrix A € M,,(C) is normal if
AA* = A* A,
and if A is a real matrix, it is normal if
AAT = ATA.
A matrix U € M,,(C) is unitary if
vUur=U0"U = 1.

A real matrix @ € M, (R) is orthogonal if
QQ'=Q'Q=1

Given any matrix A = (a;;) € M,(C), the trace tr(A) of A is the sum of its diagonal
elements
tI‘(A) =ai + -+ Qup.

It is easy to show that the trace is a linear map, so that
tr(AA) = Atr(A)

and
tr(A+ B) = tr(A) + tr(B).

Moreover, if A is an m X n matrix and B is an n X m matrix, it is not hard to show that
tr(AB) = tr(BA).
We also review eigenvalues and eigenvectors. We content ourselves with definition in-
volving matrices. A more general treatment will be given later on (see Chapter 12).

Definition 6.4. Given any square matrix A € M,(C), a complex number A € C is an
eigenvalue of A if there is some nonzero vector u € C”, such that

Au = \u.

If X is an eigenvalue of A, then the nonzero vectors u € C" such that Au = A\u are called
eigenvectors of A associated with X\; together with the zero vector, these eigenvectors form a
subspace of C" denoted by E)(A), and called the eigenspace associated with .
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Remark: Note that Definition 6.4 requires an eigenvector to be nonzero. A somewhat
unfortunate consequence of this requirement is that the set of eigenvectors is not a subspace,
since the zero vector is missing! On the positive side, whenever eigenvectors are involved,
there is no need to say that they are nonzero. The fact that eigenvectors are nonzero is
implicitly used in all the arguments involving them, so it seems safer (but perhaps not as
elegant) to stituplate that eigenvectors should be nonzero.

If A is a square real matrix A € M,,(R), then we restrict Definition 6.4 to real eigenvalues
A € R and real eigenvectors. However, it should be noted that although every complex
matrix always has at least some complex eigenvalue, a real matrix may not have any real
eigenvalues. For example, the matrix
0 —1

has the complex eigenvalues ¢ and —i, but no real eigenvalues. Thus, typically, even for real
matrices, we consider complex eigenvalues.

Observe that A € C is an eigenvalue of A
ifft Au = Au for some nonzero vector u € C"
iff (Al —A)u=0
iff the matrix A\l — A defines a linear map which has a nonzero kernel, that is,
iff \I — A not invertible.

However, from Proposition 4.11, AI — A is not invertible iff
det(A — A) = 0.
Now, det(A — A) is a polynomial of degree n in the indeterminate A, in fact, of the form
A —tr(A)A T+ 4 (1) det(A).

Thus, we see that the eigenvalues of A are the zeros (also called roots) of the above polyno-
mial. Since every complex polynomial of degree n has exactly n roots, counted with their
multiplicity, we have the following definition:

Definition 6.5. Given any square n x n matrix A € M,,(C), the polynomial
det(A — A) = A" —tr(A)A" 4 -+ 4+ (=1)"det(A)

is called the characteristic polynomial of A. The n (not necessarily distinct) roots Ay, ..., A\,
of the characteristic polynomial are all the eigenvalues of A and constitute the spectrum of
A. We let

p(A) = max [\

1<i<n

be the largest modulus of the eigenvalues of A, called the spectral radius of A.
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Since the eigenvalue Ay, ..., \, of A are the zeros of the polynomial
det( A — A) = A" — tr(A)AN"H - 4 (—=1)"det(A),
we deduce (see Section 12.1 for details) that
tr(A) =M+ 4+ Ay
det(A) = A1+ -+ A\
Proposition 6.4. For any matriz norm || || on M,,(C) and for any square n x n matriz

A € M, (C), we have
p(A) < [ A]l-

Proof. Let X\ be some eigenvalue of A for which |A| is maximum, that is, such that |A| = p(A).
If u (£ 0) is any eigenvector associated with A and if U is the n X n matrix whose columns

are all u, then Au = Au implies
AU = MU,

and since

AU = (AU = [[AU] < AU
and U # 0, we have |U|| # 0, and get
p(A) = AL <Al

as claimed. n

Proposition 6.4 also holds for any real matrix norm || || on M, (R) but the proof is more
subtle and requires the notion of induced norm. We prove it after giving Definition 6.7.

Now, it turns out that if A is a real n x n symmetric matrix, then the eigenvalues of A
are all real and there is some orthogonal matrix () such that

A = Qdiag(A\i,..., \)QT,

where diag(Aq, ..., A\,) denotes the matrix whose only nonzero entries (if any) are its diagonal
entries, which are the (real) eigenvalues of A. Similarly, if A is a complex n x n Hermitian
matrix, then the eigenvalues of A are all real and there is some unitary matrix U such that

A = Udiag(Ay, ..., \)UT,
where diag(Ag, ..., A\,,) denotes the matrix whose only nonzero entries (if any) are its diagonal
entries, which are the (real) eigenvalues of A.

We now return to matrix norms. We begin with the so-called Frobenius norm, which is
just the norm || ||, on C**, where the n x n matrix A is viewed as the vector obtained by
concatenating together the rows (or the columns) of A. The reader should check that for
any n x n complex matrix A = (a;;),

( i Iau|2) " V(A7 A) = /tr(AAY),

2,j=1
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Definition 6.6. The Frobenius norm || || is defined so that for every square n x n matrix
A e M, (C),

n 1/2
Al = (Z |aij|2) — V(A4 = (A,

ij=1
The following proposition show that the Frobenius norm is a matrix norm satisfying other
nice properties.
Proposition 6.5. The Frobenius norm || || on M, (C) satisfies the following properties:

(1) It is a matriz norm; that is, |AB| < ||A||z || Bl g, for all A, B € M,,(C).
(2) It is unitarily invariant, which means that for all unitary matrices U,V , we have

1Al = [IUA[lp = [[AV][p = [UAV ]| .

(3) /A < [[All < viy/p(AA), for all A€ M, (C).

Proof. (1) The only property that requires a proof is the fact ||AB|, < ||A|| || Bl . This
follows from the Cauchy—Schwarz inequality:

n
E aikbkj

n 2

I1ABlz =)

ij=1" k=1
<y (Zmﬁ) (Z |bkj|2)
i,j=1 h=1 k=1
_ (Z |aih|2) ( 3 |bm~|2) — A2 B
i,h=1 kj=1
(2) We have
|A|5 = tr(A*A) = tr(VV*A*A) = tr(V*A*AV) = || AV |5,
and

JA2 = tx(A"A) = (AT UA) = [UA].

The identity
[Allp = [UAV]

follows from the previous two.

(3) It is well known that the trace of a matrix is equal to the sum of its eigenvalues.
Furthermore, A*A is symmetric positive semidefinite (which means that its eigenvalues are
nonnegative), so p(A*A) is the largest eigenvalue of A*A and

p(A"A) < tr(A"A) < np(A”A),

which yields (3) by taking square roots. ]
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Remark: The Frobenius norm is also known as the Hilbert-Schmidt norm or the Schur
norm. So many famous names associated with such a simple thing!

We now give another method for obtaining matrix norms using subordinate norms. First,
we need a proposition that shows that in a finite-dimensional space, the linear map induced
by a matrix is bounded, and thus continuous.

Proposition 6.6. For every norm || || on C" (or R"), for every matric A € M, (C) (or
A € M, (R)), there is a real constant C4 > 0, such that

[Aul] < Callull,
for every vector u € C* (or u € R™ if A is real).

Proof. For every basis (e1, ..., e,) of C* (or R"), for every vector u = ujey + - - - + uye,, we
have

|Aul| = [J[urAer) + - + u, Alen)||
< ur| [[A(en) || + -+ + |ua| [[Alen) ||
< Cy(Jur] + -+ + Jugl) = Cy |ully

where C) = maxi<;<, ||A(e;)||. By Theorem 6.3, the norms || || and || ||, are equivalent, so
there is some constant Cy > 0 so that ||ul|; < Cs ||u|| for all w, which implies that

[Aul] < Calull,

where Cy = CC5. O

Proposition 6.6 says that every linear map on a finite-dimensional space is bounded. This
implies that every linear map on a finite-dimensional space is continuous. Actually, it is not
hard to show that a linear map on a normed vector space F is bounded iff it is continuous,
regardless of the dimension of E.

Proposition 6.6 implies that for every matrix A € M,,(C) (or A € M, (R)),

A
sup |4z < Cy.

aecn [zl
x#0
Now, since [[Au|| = |A] ||u||, for every nonzero vector x, we have
[Az] _ [lll 1AG/ (=D
= = [[A(z/ =D
]l ]
which implies that
x
I _ qup e
secr ||zl gecn
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Similarly
R P
sein [zl pemn
w40 =1

The above considerations justify the following definition.

Definition 6.7. If || || is any norm on C", we define the function || || on M, (C) by

|| Az

|A|| = sup —’ H = sup ||Az].
zeC™ ||93|| xeC™
x#0 [lz||=1

The function A — ||A]| is called the subordinate matriz norm or operator norm induced
by the norm || ||.

It is easy to check that the function A — ||A|| is indeed a norm, and by definition, it
satisfies the property
[Az|| < [[A[[[|z]|, for all z € C".

A norm || || on M,,(C) satistying the above property is said to be subordinate to the vector
norm || || on C". As a consequence of the above inequality, we have

[ABz| < [|A[[|Bxll < [[All 1B ]l
for all x € C", which implies that
[AB[| < [[A|l[|B]l  for all A, B € My(C),

showing that A — ||AJ| is a matrix norm (it is submultiplicative).

Observe that the operator norm is also defined by
|A|| = inf{\ e R | ||[Az| < A|z||, for allz € C"}.

Since the function z — ||Az|| is continuous (because |||Ay|| — ||Az||| < [[Ay — Az|| <
Callz —yl||) and the unit sphere S"! = {z € C" | ||z|| = 1} is compact, there is some
x € C" such that ||z| =1 and

[Az]| = [l A]l.

Equivalently, there is some x € C™ such that x # 0 and
[Az[] = [|A[l fl=]
The definition of an operator norm also implies that
1] = 1.

The above shows that the Frobenius norm is not a subordinate matrix norm (why?). The
notion of subordinate norm can be slightly generalized.
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Definition 6.8. If K =R or K = C, for any norm || || on M,,,(K), and for any two norms
| |l, on K™ and || ||, on K™, we say that the norm || || is subordinate to the norms || ||, and
I, i

| Az, < [|A]| |||, forall Ae M,,,(K) and all z € K.

Remark: For any norm || || on C", we can define the function || || on M, (R) by

Ax
140 = sup 220 g 4z
zER™ ||93|| TER™
0 =t

The function A — || Al is a matrix norm on M, (R), and
[Allg < 1A,

for all real matrices A € M,,(R). However, it is possible to construct vector norms || || on C"
and real matrices A such that

[Allg < 1A
In order to avoid this kind of difficulties, we define subordinate matrix norms over M, (C).
Luckily, it turns out that ||A||z = ||A|| for the vector norms, || ||,, ]| ||,, and | |-

We now prove Proposition 6.4 for real matrix norms.

Proposition 6.7. For any matriz norm || || on M,,(R) and for any square n x n matriz
A € M,(R), we have
p(A) < || A].

Proof. We follow the proof in Denis Serre’s book [95]. If A is a real matrix, the problem is
that the eigenvectors associated with the eigenvalue of maximum modulus may be complex.
We use a trick based on the fact that for every matrix A (real or complex),

p(A%) = (p(A))",

which is left as an exercise (use Proposition 12.5 which shows that if (A1,...,\,) are the
(not necessarily distinct) eigenvalues of A, then (A¥,... A\F) are the eigenvalues of A*, for
k>1).

Pick any complex matrix norm || ||, on C" (for example, the Frobenius norm, or any
subordinate matrix norm induced by a norm on C"). The restriction of || ||, to real matrices
is a real norm that we also denote by || ||.. Now, by Theorem 6.3, since M,,(R) has finite
dimension n?, there is some constant C' > 0 so that

IB|l. < C|B|l, forall Be M, (R).

Furthermore, for every k > 1 and for every real n x n matrix A, by Proposition 6.4, p(A*) <
HA’“ .» and because || || is a matrix norm, }Ak’H < ||A]|*, so we have

(p(A))F = p(AF) < ||A¥||, < O ||4%| < CAll",
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for all £k > 1. It follows that
p(A) < CY*| A, forall k>1.

However because C' > 0, we have limy,_,., C'/F = 1 (we have lim,_ zlog(C) = 0). There-

fore, we conclude that
p(A) < [|A]l,

as desired. ]

We now determine explicitly what are the subordinate matrix norms associated with the
vector norms | [, || [, and || |-

Proposition 6.8. For every square matriv A = (a;;) € M,,(C), we have

n
IAll, = sup [|Az], = max ) |ay]
zeCn J =1

llzll, =1

n
1Al = sup [|Az], = max ) |a;]
zeCn g

Jall =1 =
[4ll; = sup [l Azll, = v/p(A"4) = Vp(AA").
llzll,=1
Furthermore, || A*||, = ||All,, the norm || ||, is unitarily invariant, which means that
[Ally = [UAV]],

for all unitary matrices U,V , and if A is a normal matriz, then ||All, = p(A).

Proof. For every vector u, we have
Jull, = 32| Sy
i J

which implies that

< S hul X legl < (max Yla )l

n
1A]l, < max )y ay)-
T

It remains to show that equality can be achieved. For this let j, be some index such that
mjaxz il = laij),
i i

and let u; = 0 for all i # jp and w;, = 1.
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In a similar way, we have

[ Aul], = max
(2

E CLZ'jUJj
J

< (a1 .
j
which implies that
n
[A]lo < miaXZ |aij]-
j=1
To achieve equality, let ig be some index such that
miaXZ |ai;| = Z |@igj]-
j J
The reader should check that the vector given by
Qi .
uj; = \aizj'\ if aio; # 0
1 if Qin5 = 0

works.

We have
||AH§ = SUCP HA$||§ = sup x*A*Ax.
xeCn

zeC”
r*r=1 r*r=1

Since the matrix A*A is symmetric, it has real eigenvalues and it can be diagonalized with
respect to an orthogonal matrix. These facts can be used to prove that the function = —
r*A*Ar has a maximum on the sphere z*xr = 1 equal to the largest eigenvalue of A*A,
namely, p(A*A). We postpone the proof until we discuss optimizing quadratic functions.

Therefore,
[All, = v/ p(A*A).

Let use now prove that p(A*A) = p(AA*). First, assume that p(A*A) > 0. In this case,
there is some eigenvector u (# 0) such that

A*Au = p(A*A)u,
and since p(A*A) > 0, we must have Au # 0. Since Au # 0,
AA*(Au) = p(A*A)Au
which means that p(A*A) is an eigenvalue of AA*, and thus
P(A*A) < p(AA").
Because (A*)* = A, by replacing A by A*, we get
PAA") < p(A"A),
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and so p(A*A) = p(AA").
If p(A*A) = 0, then we must have p(AA*) = 0, since otherwise by the previous reasoning
we would have p(A*A) = p(AA*) > 0. Hence, in all case
15 = p(ATA) = p(AA") = || A5

For any unitary matrices U and V, it is an easy exercise to prove that V*A*AV and A*A
have the same eigenvalues, so

|A]l; = p(ATA) = p(V*A"AV) = ||AV];,
and also
IA[5 = p(A*A) = p(A*U*UA) = |UA|;.

Finally, if A is a normal matrix (AA* = A*A), it can be shown that there is some unitary
matrix U so that

A =UDU",

where D = diag(Aq, ..., \,) is a diagonal matrix consisting of the eigenvalues of A, and thus
A*A={UDU")*UDU* =UD*U*UDU* =UD*DU".
However, D*D = diag(|\]?, ..., |Ax]?), which proves that
p(A"A) = p(D*D) = max [\i[* = (p(A))*,

so that || A||l, = p(A). O

The norm || A]|, is often called the spectral norm. Observe that property (3) of proposition
6.5 says that

1Al < 1Allp < VAl

which shows that the Frobenius norm is an upper bound on the spectral norm. The Frobenius
norm is much easier to compute than the spectal norm.

The reader will check that the above proof still holds if the matrix A is real, confirming
the fact that ||Al|p = ||A|| for the vector norms || ||, ||,, and || || .. It is also easy to verify
that the proof goes through for rectangular matrices, with the same formulae. Similarly,
the Frobenius norm is also a norm on rectangular matrices. For these norms, whenever AB
makes sense, we have

IAB| < Al 1 B]] -

Remark: Let (E, | ||) and (F,]| ||) be two normed vector spaces (for simplicity of notation,
we use the same symbol || || for the norms on E and F'; this should not cause any confusion).
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Recall that a function f: E — F' is continuous if for every a € E, for every e > 0, there is
some 717 > 0 such that for all x € F,

if [lz—all<n then [[f(x) = fla)] <e

It is not hard to show that a linear map f: E — F' is continuous iff there is some constant
C > 0 such that

()| < C|z| for all z € E.

If so, we say that f is bounded (or a linear bounded operator). We let L(E; F') denote the
set of all continuous (equivalently, bounded) linear maps from E to F. Then, we can define
the operator norm (or subordinate norm) || || on L(E; F) as follows: for every f € L(E; F),

1/ (@)l
[f] = sup = sup || f(2)],
el ||ZL’|| rel
20 =1

or equivalently by
If]] = inf{A € R [ [|f(2)[| < Al[z]], for all z € E}.

It is not hard to show that the map f + || f]| is a norm on L(E; F') satisfying the property

LF @) < 1=

for all z € F, and that if f € L(F; F) and g € L(F; G), then

lgo fll < llgll I f1I-

Operator norms play an important role in functional analysis, especially when the spaces E
and F' are complete.

The following proposition will be needed when we deal with the condition number of a
matrix.

Proposition 6.9. Let || | be any matriz norm and let B be a matriz such that || B|| < 1.
(1) If || || is a subordinate matriz norm, then the matriz I + B is invertible and
l+B) < ——.
1Bl

(2) If a matriz of the form I + B is singular, then ||B|| > 1 for every matriz norm (not
necessarily subordinate).
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Proof. (1) Observe that (I + B)u = 0 implies Bu = —u, so
[ull = [ Bull
Recall that
[ Bul| < || B| f|ull

for every subordinate norm. Since ||B|| < 1, if u # 0, then
[Bull < {[ul,

which contradicts ||u|| = ||Bul|. Therefore, we must have u = 0, which proves that I + B is
injective, and thus bijective, i.e., invertible. Then, we have

(I+B)'+B(I+B)'=(I+B)({I+B)'=1I,
so we get
(I+B)'=I1-B(I+B)™,
which yields
[(I+B)7 Y| <1+ [IBIl (1 +B)7"

and finally,
1
1— Bl
(2) If I + B is singular, then —1 is an eigenvalue of B, and by Proposition 6.4, we get
p(B) < |[B]}, which implies 1 < p(B) < ||| =

I+ B)7 <

The following result is needed to deal with the convergence of sequences of powers of
matrices.

Proposition 6.10. For every matriz A € M,,(C) and for every ¢ > 0, there is some subor-
dinate matriz norm || || such that

IA]l < p(A) +e.

Proof. By Theorem 12.4, there exists some invertible matrix U and some upper triangular
matrix 7' such that

A=UTU™!,
and say that
Aot tig e lin
0 Ay tag - ton
r=1: 1 " : : ;
0 0 -+ A1 thoin

o 0 --- 0 An
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where \i, ..., \, are the eigenvalues of A. For every ¢ # 0, define the diagonal matrix

Ds = diag(1,0,0%,...,06" 1),

and consider the matrix

A Otig 0%ti3 - "My,

0 Xy Otag - 0" %y,
(UD(;)ilA(UD(;) = DngD(; = :

0 0 -+ A1 Otp_1n

o 0 - 0 A

Now, define the function || ||: M, (C) — R by
| Bl = |[(UDs)~" BUDs)|

oo’

for every B € M,,(C). Then it is easy to verify that the above function is the matrix norm

subordinate to the vector norm
v H(UD5)_1UHOO :

Furthermore, for every ¢ > 0, we can pick ¢ so that

n
Syl <e, 1<i<n—1,
j=it+1

and by definition of the norm | ||, we get

IA[l < p(A) + e,

which shows that the norm that we have constructed satisfies the required properties.

Note that equality is generally not possible; consider the matrix

0 1
=00

for which p(A) =0 < ||A]|, since A # 0.

6.3 Condition Numbers of Matrices

]

Unfortunately, there exist linear systems Ax = b whose solutions are not stable under small

perturbations of either b or A. For example, consider the system

107 8 7\ (= 32
75 6 5| [x] |23
8 6 10 9 | |xs] |33
75 9 10/ \ay 31
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The reader should check that it has the solution = = (1,1,1,1). If we perturb slightly the
right-hand side, obtaining the new system

8 6 10 9 x3+Axz | [33.1]°

the new solutions turns out to be x = (9.2, —12.6,4.5, —1.1). In other words, a relative error
of the order 1/200 in the data (here, b) produces a relative error of the order 10/1 in the
solution, which represents an amplification of the relative error of the order 2000.

Now, let us perturb the matrix slightly, obtaining the new system

7.08 5.04 6 ) xo+Azg | |23
8§ 598 998 9 x3+Axg | |33
6.99 499 9 9.98 T4+ Axy 31

This time, the solution is x = (—81, 137, —34,22). Again, a small change in the data alters
the result rather drastically. Yet, the original system is symmetric, has determinant 1, and
has integer entries. The problem is that the matrix of the system is badly conditioned, a
concept that we will now explain.

Given an invertible matrix A, first, assume that we perturb b to b+ db, and let us analyze
the change between the two exact solutions x and = 4 dx of the two systems

Ax=b
A(x + 0x) = b+ 0b.

We also assume that we have some norm || | and we use the subordinate matrix norm on
matrices. From

Axr =0
Ax + Adx = b+ b,
we get
oxr = A‘léb,
and we conclude that
16| < ||A~]| [lo0]]
1ol < [[A[[ || -

Consequently, the relative error in the result ||dz|| / ||z|| is bounded in terms of the relative
error ||0b|| /||b|| in the data as follows:
160

|0z < -1
AllllA _—
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Now let us assume that A is perturbed to A+ A, and let us analyze the change between
the exact solutions of the two systems

Axr =0
(A4 AA)(z + Azx) =b.

The second equation yields Az + AAzx + AA(x + Ax) = b, and by subtracting the first
equation we get
Az = —A'AA(x + Az).

It follows that
[Az]| < [[A7H | IAA] ||z + Az,

which can be rewritten as

|Az]] y 124]
A < ANAT) S=
o+ A = (AT gy
Observe that the above reasoning is valid even if the matrix A + AA is singular, as long
as x + Az is a solution of the second system. Furthermore, if [|AA|| is small enough, it is
not unreasonable to expect that the ratio ||Az|| / ||z + Az]| is close to ||Az|| / ||z]|. This will
be made more precise later.

In summary, for each of the two perturbations, we see that the relative error in the result
is bounded by the relative error in the data, multiplied the number ||A| [|A7]]. In fact, this
factor turns out to be optimal and this suggests the following definition:

Definition 6.9. For any subordinate matrix norm || ||, for any invertible matrix A, the
number

cond(A4) = || A ||A7"|
is called the condition number of A relative to || ||.

The condition number cond(A) measures the sensitivity of the linear system Az = b to
variations in the data b and A; a feature referred to as the condition of the system. Thus,
when we says that a linear system is ill-conditioned, we mean that the condition number of
its matrix is large. We can sharpen the preceding analysis as follows:

Proposition 6.11. Let A be an invertible matriz and let x and x + dx be the solutions of
the linear systems

Ax =1
A(x + 6x) = b+ 6b.

If b # 0, then the inequality
[[0]] 16b]]
< cond(A)+——
] 161l
holds and is the best possible. This means that for a given matriz A, there exist some vectors
b# 0 and ob # 0 for which equality holds.
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Proof. We already proved the inequality. Now, because || || is a subordinate matrix norm,
there exist some vectors x # 0 and 6b # 0 for which

| A7%60]| = A o]l and [ Aa] = [[All ]
]

Proposition 6.12. Let A be an invertible matriz and let x and v + Ax be the solutions of
the two systems

Az =10
(A+ AA)(x + Az) =b.

If b # 0, then the inequality

| Azl

[AA]
|z + Az|| —

ond(A) T4

holds and is the best possible. This means that given a matriz A, there exist a vector b # 0
and a matrix AA # 0 for which equality holds. Furthermore, if ||AA|| is small enough (for
instance, if ||[AA| < 1/||A7Y|), we have

™~ jaa)
—— < cond(A)=——(1+ O(||AA]]));
- i lAAlD)
in fact, we have
lAz] 1aa) < | )
—— < cond(A )
el @ oA

Proof. The first inequality has already been proved. To show that equality can be achieved,
let w be any vector such that w # 0 and

|47 | = | A7} el

and let 8 # 0 be any real number. Now, the vectors

Az = —fA w
T+ Az =w
b= (A+pBlHw
and the matrix
AA =1

sastisfy the equations
Ax =10
(A+AA)(x+Azx) =D
1Az = 8] [|A™ w|| = [AA] AT || |z + Azl
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Finally, we can pick § so that —f is not equal to any of the eigenvalues of A, so that
A+ AA = A+ Bl is invertible and b is is nonzero.

If |AA| < 1/ ||A~Y|], then
Ja—taa] < [la 1a4) <1,

so by Proposition 6.9, the matrix I + A~'AA is invertible and

1 1
< .
L= [[A=TAA] = 1 — A=Y JAA]

(I +ATTAA) Y| <

Recall that we proved earlier that
Ar = —A'AA(z + Ax),
and by adding x to both sides and moving the right-hand side to the left-hand side yields
(I + A7'AA)(x + Ax) =,

and thus
v+ Ar =+ ATAA) 2,

which yields

Az =(T+AAA) — Dz = (I+ATAA) (I — (I + A7 AA))z
= —(I+A'AA) A (AA)z.

From this and

1
(I+A7AA)T < — ,
| I== A= |AA]
we get
IAH[AA]
[Az] < = ]
L= A=Y 1AA]
which can be written as
|Az| |AA] < 1 )
< cond(A) ;
[l [A[ N1 = [|AZH[ [[AA]
which is the kind of inequality that we were seeking. O

¢

Remark: If A and b are perturbed simultaneously, so that we get the “perturbed” system

(A4 AA)(z + dx) = b+ b,
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it can be shown that if [[AA| < 1/[|JA7Y|| (and b # 0), then

|Az|| _  cond(A) (HAAH N ||5b||)
el = 1= AT AAL AL (ol

Y

see Demmel [33], Section 2.2 and Horn and Johnson [55], Section 5.8.

We now list some properties of condition numbers and figure out what cond(A) is in the
case of the spectral norm (the matrix norm induced by || ||,). First, we need to introduce a
very important factorization of matrices, the singular value decomposition, for short, SVD.

It can be shown that given any n x n matrix A € M,,(C), there exist two unitary matrices
U and V, and a real diagonal matrix ¥ = diag(oy,...,0,), with o1 > 09 > -+ > 0, > 0,
such that
A=VXIU".

The nonnegative numbers o4, ..., 0, are called the singular values of A.

If A is a real matrix, the matrices U and V are orthogonal matrices. The factorization
A = VXU* implies that

A*A =UX*U* and AA* = VX2V*,

which shows that o?,...,02 are the eigenvalues of both A*A and AA*, that the columns
of U are corresponding eivenvectors for A*A, and that the columns of V' are correspond-
ing eivenvectors for AA*. Since o7 is the largest eigenvalue of A*A (and AA*), note that
VP(A*A) = \/p(AA*) = oy; that is, the spectral norm ||Al|, of a matriz A is equal to the
largest singular value of A. Equivalently, the spectral norm ||AJ|, of a matrix A is equal to
the £, -norm of its vector of singular values,

4L, = max 00 = 01,0l
Since the Frobenius norm of a matrix A is defined by [|A| . = \/tr(A*A) and since

tr(A*A) = o + -+ 02
where 02, ..., 02 are the eigenvalues of A*A, we see that
1Al = (aF + -+ o) = |l(o1,- 00l

This shows that the Frobenius norm of a matriz is given by the {y-norm of its vector of
singular values.

In the case of a normal matrix if Ay,..., A, are the (complex) eigenvalues of A, then

Proposition 6.13. For every invertible matriz A € M,,(C), the following properties hold:
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(1)

cond(A4) > 1,
cond(A) = cond(A™1)
cond(aA) = cond(A) for all « € C — {0}.

(2) If condy(A) denotes the condition number of A with respect to the spectral norm, then

condy(A) = 2,
on
where o1 > - -+ > 0, are the singular values of A.
(3) If the matriz A is normal, then
Al
condy(A) = ol
where Ay, ..., A\, are the eigenvalues of A sorted so that |\| > -+ > |\,].

(4) If A is a unitary or an orthogonal matriz, then

condy(A) = 1.

(5) The condition number conds(A) is invariant under unitary transformations, which
means that

condy(A) = condy(UA) = condy(AV),

for all unitary matrices U and V.

Proof. The properties in (1) are immediate consequences of the properties of subordinate
matrix norms. In particular, AA~! = I implies

1= |17 < Al | A™|| = cond(A).

(2) We showed earlier that || A||5 = p(A*A), which is the square of the modulus of the largest

eigenvalue of A*A. Since we just saw that the eigenvalues of A*A are 07 > --- > 02, where
o1,...,0, are the singular values of A, we have

[A]ly = o1.
Now, if A is invertible, then oy > --- > ¢, > 0, and it is easy to show that the eigenvalues

of (A*A)~! are 0,2 > --- > 0,2, which shows that

-1 _— -1
147, = o
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and thus -
condy(A) = —*.

on
(3) This follows from the fact that ||Al|, = p(A) for a normal matrix.
(4) If A is a unitary matrix, then A*A = AA* = I, so p(A*A) = 1, and [|A], =
p(A*A) = 1. We also have [|[A7!||, = [|A*||, = v/p(AA*) = 1, and thus cond(A4) = 1.

(5) This follows immediately from the unitary invariance of the spectral norm. ]

Proposition 6.13 (4) shows that unitary and orthogonal transformations are very well-
conditioned, and part (5) shows that unitary transformations preserve the condition number.

In order to compute condy(A), we need to compute the top and bottom singular values
of A, which may be hard. The inequality

1ALl < [[Allp < v llAll,

may be useful in getting an approximation of condy(A) = ||All,[|[A7 ]y, if A™! can be
determined.

Remark: There is an interesting geometric characterization of conds(A). If §(A) denotes
the least angle between the vectors Au and Av as u and v range over all pairs of orthonormal
vectors, then it can be shown that

condy(A) = cot(A(A)/2)).

Thus, if A is nearly singular, then there will be some orthonormal pair u,v such that Au
and Av are nearly parallel; the angle §(A) will the be small and cot(f(A)/2)) will be large.
For more details, see Horn and Johnson [55] (Section 5.8 and Section 7.4).

It should be noted that in general (if A is not a normal matrix) a matrix could have
a very large condition number even if all its eigenvalues are identical! For example, if we
consider the n X n matrix

1 0 O 0 0

0 1 0 00

00 1 2 0 0
A= ,

0 0 0 1 0

0 0 0 0 1 2

00 0 O 1

it turns out that condy(A) > 2771,
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A classical example of matrix with a very large condition number is the Hilbert matrix
H®™  the n x n matrix with

O
|
VR

~.
+
.| =
|
[a—y

For example, when n = 5,

11 1 1
L 23 1 3
L1 1 1 1
2 3 4 5 6
G)— |1 1 1 1 1
HY =135 15 § 7
11 1 1 1
1 5 6 7 8
11 1 1 1
5 6 7 8 9

It can be shown that
condy(H®) ~ 4.77 x 10°.

Hilbert introduced these matrices in 1894 while studying a problem in approximation
theory. The Hilbert matrix H™ is symmetric positive definite. A closed-form formula can
be given for its determinant (it is a special form of the so-called Cauchy determinant). The
inverse of H™ can also be computed explicitly! It can be shown that

condy(H™) = O((1 + v2)* //n).

Going back to our matrix

10 7 8 7

7 5 6 5
A= 8 6 10 9 |’

7 5 9 10

which is a symmetric, positive, definite, matrix, it can be shown that its eigenvalues, which
in this case are also its singular values because A is SPD, are

A1 = 30.2887 > Ay &~ 3.858 > A3 ~ 0.8431 > A4 ~ 0.01015,

so that \
condy(A) = =L ~ 2984.
A4

The reader should check that for the perturbation of the right-hand side b used earlier, the
relative errors |0z /||z|| and [|dx|| /||x|| satisfy the inequality

|150]]

llo=l < cond(A) i

<c
[zl

and comes close to equality.
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6.4 An Application of Norms: Solving Inconsistent
Linear Systems

The problem of solving an inconsistent linear system Ax = b often arises in practice. This
is a system where b does not belong to the column space of A, usually with more equations
than variables. Thus, such a system has no solution. Yet, we would still like to “solve” such
a system, at least approximately.

Such systems often arise when trying to fit some data. For example, we may have a set
of 3D data points
{pb s 7pn}7

and we have reason to believe that these points are nearly coplanar. We would like to find
a plane that best fits our data points. Recall that the equation of a plane is

ar+ By +vz+6 =0,

with (a, 8,7) # (0,0,0). Thus, every plane is either not parallel to the z-axis (a # 0) or not
parallel to the y-axis (8 # 0) or not parallel to the z-axis (v # 0).

Say we have reasons to believe that the plane we are looking for is not parallel to the
z-axis. If we are wrong, in the least squares solution, one of the coefficients, «, 3, will be
very large. If v # 0, then we may assume that our plane is given by an equation of the form

z=ax + by +d,

and we would like this equation to be satisfied for all the p;’s, which leads to a system of n
equations in 3 unknowns a, b, d, with p; = (2, yi, 2;);

ary + by, +d =2z

axy, + by, +d = z,.

However, if n is larger than 3, such a system generally has no solution. Since the above
system can’t be solved exactly, we can try to find a solution (a,b,d) that minimizes the

least-squares error
n

Z(axi +by; +d — z)?.

i=1
This is what Legendre and Gauss figured out in the early 1800’s!

In general, given a linear system
Axr = b,

we solve the least squares problem: minimize || Az — b|)3.
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Fortunately, every n x m-matrix A can be written as
A=VDU"

where U and V' are orthogonal and D is a rectangular diagonal matrix with non-negative
entries (singular value decomposition, or SVD); see Chapter 15.

The SVD can be used to solve an inconsistent system. It is shown in Chapter 16 that
there is a vector x of smallest norm minimizing ||Az — b||,. It is given by the (Penrose)
pseudo-inverse of A (itself given by the SVD).

It has been observed that solving in the least-squares sense may give too much weight to
“outliers,” that is, points clearly outside the best-fit plane. In this case, it is preferable to

minimize (the ¢;-norm)
n

Z lax; + by; + d — z).
i=1
This does not appear to be a linear problem, but we can use a trick to convert this
minimization problem into a linear program (which means a problem involving linear con-
straints).

Note that |x| = max{x, —z}. So, by introducing new variables ey, ..., e,, our minimiza-
tion problem is equivalent to the linear program (LP):

minimize er+---+ep,
subject to ar; +by; +d— 2z < ¢
—(az; +by; +d —2z) < e
1< <n.

Observe that the constraints are equivalent to
e; > |ax; + by +d 